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4- 
This  r e p o r t  desc r ibes  t h e  work performed on the  D i g i t a l  Adaptive 

Control  Research p r o j e c t  during the f o u r t h  q u a r t e r l y  per iod ending 
31 January 1964. I n  o rde r  t o  provide a c o n s i s t a n t  l e v e l  of documentation, 
t h i s  r e p o r t  covers  only work performed dur ing  t h e  fou r th  qua r t e r .  Summary 
r e p o r t  N o .  1544-5 i s  a synopt ic  survey of t h e  complete s tudy.  

Sec t ion  I1 comprises t h e  Theore t ica l  S tudies  made dur ing  t h i s  per iod ,  
and inc ludes  a genera l  b a s i s  f o r  con t ro l s  of t he  type being s tudied  
based on p l an t  d e s c r i p t i o n  by Volterra  Se r i e s .  The previous ly  deve lopr l  
c o n t r o l  methods P ?  t h e  p r o j e c t  a r e  i d e n t i f i e d  a s  s p e c i a l  cases .  

Sec t ion  I11 i d e n t i f i e s  t h e  Computational Requirements of a c o n t r o l  
computer f o r  t h i s  system. F e a s i b i l i t y  of on- l ine  ope ra t ion  with r e l a t i v e l y  
modest computers i s  shown. 

Sec t ion  I V  p re sen t s  a v a r i e t y  of Experimental Resu l t s  obtained 
du r ing  t h e  per iod.  Most no tab le  i s  t h e  hybrid s imula t ion  wi th  f i l t e r i n g ,  
which i s  a s imula t ion  of t h e  complete c o n t r o l  process .  

Sec t ion  V i s  a g los sa ry  of a l l  equa t ion  and s imula t ion  symbols used 
i n  t h i s  r e p o r t  and a l l  previous progress  r e p o r t s .  

Sec t ion  I1 i s  l a r g e l y  abs t r ac t ed  from a paper "Control Without 
Model o r  P l an t  I d e n t i f i c a t i o n "  by J .  Zaborszky and W. Humphrey, authored 
du r ing  t h e  per iod ,  and submitted t o  t h e  papers  committee of  t h e  1964 JACC. 
Some non-substant ive r e v i s i o n s  have been made by J. Zaborszky and E .  Buder 
i n  prepar ing  t h i s  r e p o r t .  Sec t ion  I11 i s  t h e  work of R. J a n i t c h ,  and 
i s  based on h i s  previous work i n  programming the  EM-5000 computer i n  
t h e  hybr id  s imulator .  Sec t ion  I11 and I V  were compiled by R. J a n i t c h  
and L. Woltmann based on hybrid s imulat ion runs made almost cont inuously 
i n  t h e  r epor t ing  per iod .  Sec t ion  V was compiled by E .  Buder. 

The a n a l y t i c a l  s t u d i e s  of Sect ion I1 were performed under c o n t r a c t  
NASw-599. The s imula t ion  s t u d i e s  (Sec t ion  I11 and I V )  were funded under 
Emerson E lec t r i c ' s  R & D program. 

A d-7 t f b l i '  
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11. THEORETICAL STUDIES 

In t roduc t ion  

A p i l o t  f l y i n g  an a i r p l a n e  i s  c o n s t a n t l y  i d e n t i f y i n g  the  p l a n e ' s  
behavior without doing s o  i n  terms of c o e f f i c i e n t s  of d i f f e r e n t i a l  equa- 
t ioris,  t r a n s f e r  funct ion,  o r  even  i n  t e r m s  of Vo l t c r r a  k e r n e l s .  %a t  
t h e  p i l o t  senses  i s  simply t h e  current  response of t he  plane alongside 
i t s  c u r r e n t  s e n s i t i v i t y  t o  control  a c t i o n ,  both on t h e  b a s i s  of t he  
immediate p a s t  and ex t r apo la t ed  i n t o  the near  f u t u r e .  

Because the  human p i l o t  i s  an e x c e l l e n t  adapt ive system, w i t h i n  
h i s  l i m i t a t i o n s  of speed, t he  success of adapt ive c o n t r o l  may l i e  along 
l i n e s  c h a r a c t e r i z i n g  h i s  operation. This paper a t t e m p t s  t o  explore  such 
an approach. 

Assumptions regarding t h e  control led p l a n t  i n  t h i s  paper a r e  very 
gene ra l  and v a l i d  f o r  almost a l l  physical  equipment. S p e c i f i c s  l i k e  
assumptions of l i n e a r i t y  o r  a p a r t i c u l a r  order  o r  of slow v a r i a t i o n  
of the system a r e  avoided i n  t h e  general  development. Information regard-  
ing the  behavior of t he  p l an t  i s  t o  be der ived s o l e l y  from p o t e n t i a l l y  
noisy measurements. The output quant i ty  and the  c o n t r o l  v a r i a b l e ,  including 
poss ib ly  a few d e r i v a t i v e s ,  a r e  ava i l ab le  f o r  measurement; but not t h e  
complete " s t a t e "  v e c t o r ,  t he  dimensionality of which i s  unknown under 
t h e  assumptions made. 

Assumptions 

The a p p l i c a t i o n  of t he  control  method of t h i s  paper i s  r e s t r i c t e d  
t o  systems which produce continuous and bounded outputs ,  x ( t ) ,  when 
e x c i t e d  by continuous and bounded i n p u t s ,  u ( t ) .  The i n p u  t -output  r e l a t io r l -  
s h i p  of such a system i s  a funct ional  which maps the Banach space o f  
continuous funct ions over an i n t e r v a l  onto i t s e l f .  I f  such a functional. 
is continuous it can be approximated over f i n i t e  time i n t e r v a l s  arbitrar;.:.,, 
c l o s e l y  by a f i n i t e  func t iona l  polynomial of the form; 

T c  t 

where h a r e  t h e  k e r n e l s  of t he  funct ional  polynomial f i t .  
j 

I f  t he  func t iona l  i s  a n a l y t i c  it can be represented by an i n f i n i t e  
s e r i e s  (J = 00)  of t h e  type of equation 1, a s o  c a l l e d  Volterra  S e r i e s  
or func t iona l  Taylor S e r i e s ;  h are  then t h e  Vo l t e r r a  k e r n e l s .  I n  

absence of any c o n t r o l  i npu t ,  u ( t ) .  
t h a t  equat ion 1 does no t  imply superposi t ion.  The reason i s  t h a t  t he  
h .  k e r n e l s  are no t  unique, they depend on y ( t )  j u s t  l i k e  the c o e f f i c i e n t s  
04 an ordinary Taylor S e r i e s  depend on t h e  po in t  around which the expansion 
i s  obtained. 

Equation 1, y ( t )  r ep resen t s  t h e  j f ree  response t h a t  would occur i n  t h e  
It must be remembered, however, 
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Note t h a t  only t h e  ex i s t ence  of a r e l a t i o n  of t h e  form of Equation 1 
i s  assumed, not a knowledge of the k e r n e l s  o r  any i n t e n t i o n  t o  i d e n t i f y  
them. 'Continuous nonl in-  
earities and time v a r i a t i o n s  a r e  p e r m i t t e d  without assuming any p a r t i c u l a r  
order of the  d i f f e r e n t i a l  equations QY any knowledge of t he  speed of 
v a r i a t i o n  o r  the ex i s t ence  of the n o n l i n e a r i t y .  
excluded a r e  discontinuous n n n i i n e a r i t i e s  such a s  r e l a y s  i n  t h e  p l a n t ,  
but o f  course,  i f  t h e r e  a r e  any r e l ays  i n  a c o n t r o l  system, they a r c  
not l i k e l y  t o  be i n  the  p l an t .  Discontinuous t i m e  v a r i a t i o n s  a r e  
permissible  if t h e i r  mcurrences 3rc wel l  r ceogr i zab le  such as  t h e  s t s g i n g  
of a missile. 

This takes  i n  a very broad class of systems. 

About the only  f e a t u r e s  

Representation of t h e  Response of t h e  P lan t  and I t s  S e n s i t i v i t y  t o  Contrul 
Action 

The s p e c i f i c c o n t r o l  v a r i a b l e  func t ions  considered i n  t h i s  s t u 2 y  
a r e  piecewise cons t an t .  

2. u(t) = "1; 

This  form of the  con t ro l  v a r i a b l e  i s  almost inherent  i n  any coii trol  
which r e l i e s  on an i n - l i n e  d i g i t a l  computer as i s  assumed h e r e .  

The p resen t  time w i l l  be t = nT and an nT second length s e c t i o n  of 
t he  l a t e s t  s i g n a l s  x ( t )  and u ( t )  w i l l  be kept i n  the  computer  mewry. 
Then f o r  t2 O using a func t iona l  power s e r i e s  of t he  type  of Equation L 
f o r  t h e  i n t e r v a l  0 -= t -= nT and s u b s t i t u t u i n g  Equation 2 ;  

J n-1 n- 1 

where by Equation 1 through 3;  
I ~ .-. 

i -  
L - A 1  

k . T  
3 

(ki+l)T f o r  k. 1 c 3 

f o r  ki =)( 
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Equation 3 can be rearranged a s ;  

5. x(t> = Y ( t )  + >: 2' A (t)  

n-1 R 

k=O r=l kr 
Llkr 

where u s u a l l y  R = J and a ( t )  stands f o r  a with i< repeated k , k , .  . .k kr 
r times and fron Equations 3 and 4 ,  consider ing t h e  symmetry of the k e r n e l s ;  

6 .  a 
k 

( t )  + > (r+1) A ( t )  uk+ 
kr, k - i  i = l  i2 

4-3J 
A r (t) Uk-i + . . .  +e 2 ii . (r+2)! 

r! 
i=1 j=1 k , k - i , k - j  

whereJij i s  the Kronecker Delta and w i t h  reference t o  fIc;uation 4 
s t ands  f o r  

A *  % , k , .  . .k,k-i  , k - j  

with k repeated r times. 

k , k - i , k - j  

or more general ly ,  

R 
where n 

( hi I !  R - r l  ...- r 

r =O fi r !  
2' R i=l 

i i=l 

= 21 5 1 2  :f..-- 
6b* M(k)  

r2=0 r =O 
3 R 

R 1: 2 6d. A<k> = r 
9'1 (k-1) ... (k-R) (t) 

< k> 
and denotes sumation over a l l  d i f f e r e n t  A 

< k) 
wbich have s i g n i f i c a n t  contr ibut ions.  

Defining vec to r s :  

i = 0 ,  1, . .  . ?$-I 
r = 1, 2, . . .  R 
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where x cqn be a s t a t e  vec to r  i f  N i s  the order  of t h e  system from 
E q u a t i A  5 

n 

k=O 

Guch a r e p r e s e n t a t i o n  i s  poss ib l e  f o r  t h e  c l a s s  of p l a n t s  considered 
s ince  f o r  t h i s  c l a s s ,  funct ions y ( t )  and A (t) (where < k >  i n d i c a t e s  
any o f  t h e  ordered sets of subsc r ip t s  used i n  equat ion 6) w i l l  be con t in -  
uous and r epea ted ly  d i f f e r e n t i a b l e  with r e spec t  t o  t ,  except poss ib ly  
a t  t = iT, f o r  i an i n t e g e r ,  where higher  d e r i v a t i v e s  of A ( t )  w i l l  
be d i s c m t i n u o u s .  Then t runcated Taylor s e r i e s  r ep resen ta  Ck> ions can be 
found fo r ,  r e s p e c t i v e l y ,  y ( t )  and A ( t )  

<k> 

( k )  

P! (t-kT)Pdi (k+l )T 5 t 
( p - i ) !  p = i  

F i n a l l y  f o r  a cont inuously,  i f  a r b i t r a r i l y ,  t i m e  varying p l a n t  

S 

s =o 
(-hT) - 

- *<n> p s t  = A  (n-h) p-L -ll. A(k> p t  

lla. <k-h> '(kl-h, k2-h, . . . k .  J -h) 

if <k> =<kl, k2 ,  ... k . )  and ki-h 2 0 

?robably S = 1 i s  s u f f i c i e n t  f o r  most p l a n t s .  

Equation 8 can be r e w r i t t e n  f o r  t 2 nT 

J 

1 2 .  - x ( t )  = (t)  + (t)  % 

n- 1 where 

13. x (t) = y (t) +c -4, ( t i  % 11 k=O 
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r e p r e s e n t s  t he  c u r r e n t  response of t h e  system a t  t L (nT) r e s u l t i n g  
from i t s  i n i t i a l  s t a t e  a t  t = 0 ( the t e r m y ( t )  ) and t h e  \, k = 0,  ... n-1 
c o n t r o l  s t e p s  app l i ed  during OSt-znT.  The las t  term i n  equat ion 2 iden- 
t i f i e s  t h e  e f f e c t  of t h e  c o n t r o l  v a r i a b l e  u 
(n-1) T c  t c nT; A t hen  i s  t h e  current  s e n s f t i v i t y  of t h e  system t o  
t h i s  force.  O f  course A u i s  a column of polynomials i n  u . Note 
t h a t  i n  s p i t e  of i t s  form equation 12 does not  r ep resen t  supe rpos i t i on  
s i n c e  t h e  s e n s i t i v i t y  A (t) i s  not a unique cons t an t  of the p l a n t ,  but 
a func t ion  of p a s t  s t a z s  y ( t )  and p a s t  c o n t r o l  f o r c e s  \ app l i ed  t o  
t h e  p l a n t .  
desc r ib ing  t h e  c u r r e n t  expected behavior of a p l a n t  which may be l i n e a r  
o r  non l inea r ,  s t a t i o n a r y  o r  time varying. These canonical  o r  s tandard 
equat ions def ine t h e  c u r r e n t  behavior of t h i s  gene ra l  c l a s s  of p l a n t s  
when c o n t r o l l e d  d i g i t a l l y  with a first order  hold.  The c o e f f i c i e n t s  
of t h i s  canonical  equa t ion  
o r  determined from t h e  s i g n a l s  of t h e  immediate p a s t  a s  i s  proposed he re .  

which w i l l  be app l i ed  

-n 
-n-n n 

Equations 1 2  and 13 represent  a kind of  "canonical equations" 

can be computed, i f  t h e  p l a n t  i s  known, 

Both c u r r e n t  response x (t) and c u r r e n t  s e n s i t i v i t y  A (t) are 
f u l l y  determined by equat ion 6-12 provided t h e  p re sen t  parameters A (n>ps+ 
and y a r e  i d e n t i f i e d .  This  represents  i d e n t i f i c a t i o n  of t h e  c u r r e n t  
respokse and s e n s i t i v i t y  t o  t h e  next input s t e p .  
i d e n t i f y  t h e  p l a n t  i n  t h e  normal sense. 

n -n 

It does n o t ,  however, 

A p l a n t  i s  i d e n t i f i e d  when a r e l a t i o n s h i p  ( d i f f e r e n t i a l  equation, 
t r a n s f e r  funct ion,  Voltera  series, e t c . )  i s  e s t a b l i s h e d  f o r  it which 
permits  computation of t h e  p l a n t  output f o r  a n  a r b i t r a r y  input  and an 
a r b i t r a r y  i n i t i a l  s ta te .  What is  i d e n t i f i e d  i n  t h i s  study permits  only 
t h e  p r e d i c t i o n  of t h e  response fo r  t he  e x i s t i n g  pas t  condi t ions of s t a t e  
and c o n t r o l  fo rces  appl ied i n  t h e  p a s t ,  under t h e  inf luence of t h e  
c o n t r o l  s t e p  ahead which i s  of a s t rongly l i m i t e d  na tu re .  I n  t h i s  sense 
then  it i s  not  p l a n t  i d e n t i f i c a t i o n ,  but i d e n t i f i c a t i o n  of c u r r e n t  response 
and c u r r e n t  s e n s i t i v i t y  t o  con t ro l  fo rce .  

Considering equat ions 9 and 10, equat ion 8 can be r e w r i t t e n  i n  
t h e  form of 

14. x(t) = 
P 

kTS t < (k+l)T 
g @ k e t e  

which i s  simply a Taylor series expansion ( i d e a l l y  P = - )  of t h e  output 
and i t s  d e r i v a t i v e s .  The c o e f f i c i e n t s  g a r e ,  by equat ions 9 through 11, 
l i n e a r  combinations of t h e  A a n p t h e  y c o e f f i c i e n t s .  A d i f f e r e n t  
combination w i l l  a r i se  f o r  e&!$ %ferval  unlesg "k = ui f o r  a l l  k and i. 
Consequently t h e r e  w i l l  be a separate  series of t he  form of 13 f o r  every 
i n t e r v a l  T. 

Now i f  it i s  assumed t h a t  the s i g n a l  (t) can be measured exac t ly  

&e 

without  noise  e f f e c t  t hen  a d e f i n i t e  s e t  of g 
each i n t e r v a l  k T S  t (k+l)T. 

can be e s t a b l i s h e d  f o r  
Equating these  kg t h e  expressions f o r  
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obtained from equat ions 6 through 11 a set of simultaneous l i n e a r  equat ions 
r e s u l t s  which uniquely determine the A and y c o e f f i c i e n t s  provided 
the  number of c o e f f i c i e n t s  and intervaf?’ igs$roperly coordinated. 
S p e c i f i c a l l y  f o r  t h e  f i r s t  term i n  gke 

S P  r n  

s=o p=e < n >  h=n-k - 1 

k = 0 ,  1 ,  2 ,  ... n 
e = 0 ,  1, 2 ,  ... p 

a r e  def ined i n  connection with 
<n-m 

where n o t a t i o n s  , Men,, and U 
<n> 

equat ion 6 .  

This  w i l l  y i e l d  a s u f f i c i e n t  number of equat ions provided 

16. n = 2 (S+1)+1 
w h e r e q i s  t h e  number of t h e  (n) s e t s  which are considered s i g n i f i c a n t  
and the  determinat ion of which i s  des i r ed .  

Equations 15 w i l l  be independent provided t h e  u a r e  no t  a l l  i d e n t i c a l  
as they  would be, f o r  i n s t ance ,  wnen t h e  l i m i t  
f o r  con t inua l ly .  When t h i s  l a t t e r  s i t u a t i o n  a r i s e s ,  it s t i l l  would be 
p o s s i b l e  t o  determine combination c o e f f i c i e n t s  (g 

of t h e  s e n s i t i v i t y  t o  t h e  choice of u would be l o s t .  
c o n t r o l  p o l i c y  from the  one considered i n  t h i s  paper i s  c a l l e d  f o r  when 
t h e  a v a i l a b l e  c o n t r o l  f o r c e  i s  s o  l i m i t e d  t h a t  lul = U i s  used most of 
t h e  t i m e .  
i s  no t  r ea l i s t i c ,  it i s  no less r e a l i s t i c  than assuming a p e r f e c t l y  
i d e n t i f i e d  p l a n t  and a p e r f e c t l y  i d e n t i f i e d  s t a t e  v e c t o r  which are t h e  
b a s i s  of t h e  major p a r t  of the extensive optimal c o n t r o l  l i t e r a t u r e .  
I n  both cases these  i d e a l i z e d  assumptions have va lue  i n  the  sense of 
e s t a b l i s h i n g  i d e a l i z e d  r e fe rence  points .  

U ko% IuI i s  c a l l e d  

= g ) which w i l l  
- - - n A 4 ~ t  thn r e a n n n C e  se lnno ac 11 = TT i s  m a i n t a i n %  hi-$ - - - r  -*--l-*-+.:*- 

Bas ica l ly  a d i f f e r e n t  

Although an assumption of exact n o i s e f r e e  measurement of x(t) 

When t h e  measurements of z ( t )  and poss ib ly  a l s o  of u a r e  noisy,  
t he  problem of determining the  A IEn) ps+ and y coeff ic ieGks changes 
from t h e  d i r e c t  exact computatio 
s t a t i s t i c a l  problem of t h e  optimum e s t i m a t i o n  of a set of parameters on 
t h e  b a s i s  of measurements. A wealth of s t a t i s t i c a l  techniques has  been 
developed for  t h i s  general  problem, t h e  choice depending on t h e  na tu re  
of t h e  u n c e r t a i n t i e s  i n  t h e  measurements and tk e x t e n t  and c h a r a c t e r  of 
s t a t i s t i c a l  information ava i l ab le .  This problem w i l l  not  be pursued 

of equation‘15 i n t o  t h e  correstponding 
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f u r t h e r  i n  t h i s  paper, al though work i s  cont inuing f o r  e s t a b l i s h i n g  
g u i d e l i n e s  of choice i n  t h i s  area.  Before passing on, a mea:: square 
estimation f o r  s t a t i o n a r y  no i se  w i l l  be ou t l ined ,  neve r the l e s s ,  as  an 
example (not implying the preferred technique) .  

Let  u s  assume t h a t  measured va lues  6 (t) and 3 r e s p e c t i v e l y  of 
- x ( t )  and of % a r e  contaminated by s t a t i & a r y ,  uncor re l a t ed  noise .  

17. g(t) = x(t) + 2 (t) 

18. J k = \ + %  

and t h a t  t h e  no i se  swamps a l l  coordinates of x above t h e  Z-th meas1.ired 
d e r i v a t i v e .  Then l e t  the  following nz i n t e g r a l s  be e s t a b l i s h e d  

*ere g e i s  as defined i n  equation 15, but  i s  replaced by 9 a n d  k' { k k  i $ aye n d i s t i n c t  sets O<ki<n, 0 d k . c  n ,  and k . % k i .  
J J 

Necessary cond i t ions  f o r  optimum mean square estimates of A 
< n >  psi: 

and y, are then 

where t h e  h 
ing noise .  

a r e  weighting f ac to r s  such a 5  t h e  va r i ances  of t h e  co r : - z s~ .x13-  
z 

Equation 20 y i e l d s  a set  of l i n e a r  equat ions equ iva len t  t o  the  s e t  
of equat ions 15 i n  the  n o i s e l e s s  case. 
20 would be found numerically from t h e  measured da ta .  

The i n t e g r a l s  implied by equat ion 

Control Po l i cy  

Equations 1 2  and 13 can h e  r ewr i t t en  fo r  t = (n+l)T 

n- 1 - 
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A t  t h i s  p o i n t  i t  i s  necessary t o  s p e c i f y  t h e  d e s i r e d  va lue  of 

k' - 
a t  t = (n+l)T. 
v e c t o r ,  which i s  independent of u 
since the  order  of t h e  p l a n t  i s  assumed t o  be unkown. Furthermore, a l l  
phys i ca l  equipment has  a v e r y  high a c t u a l  o rde r  o r  i s ,  i n  u l t i m t c  
a n a l y s i s ,  a d i s t r i b u t e d  constant  system. Consequently, i n  a l l  p r a c t i c a l  
c o n t r o l  s i t u a t i o n s  t h e r e  are  large numbers of uncon t ro l l ab le  modes and 
the  order  of t h e  system used i n  con t ro l  cons ide ra t ions  i s  only an e s t ima te  
of t h e  number of modes which are r e l a t i v e l y  more important.  Fo r tuna te ly ,  
t h e r e  i s  a tendency f o r  s a t i s f a c t o r y  c o n t r o l  f o r  a reasonable e s t ima te  of 
t h e  order  used f o r  c o n t r o l  considerat ions.  This  w i l l  be i l l u s t r a t e d  i n  
t h e  sequel ,  

This w i l l  be denoted by c ( (n+l)T) and i s  a n  N dimensional 
x and 2 a r e  not a c t u a l l y  s t a t e  v e c t o r s  

I n  t h i s  s p i r i t  N w i l l  be regarded simply as a f ixed  number which 
i s  no t  higher  than t h e  o rde r  of t h e  system. 

The aims of t h e  c o n t r o l  could be i d e n t i f i e d  by a v a r i e t y  of perform- 
ance c r i t e r i a .  
s p e c i f i c  c r i t e r i o n  w i l l  be used. 

To make t h i s  discussion more conc re t e  t h e  following 

23.  Min [x' ( (n+l)T) -c' ( (nS1)T) K x ( (n+l)T) -c ( (n+l)T)] 

n 
where X i s  a p o s i t i v e  d e f i n i t e  matrix, p r i m e s  denote t ranspose of 
ma t r i ces ,  and 

U 1 4 -  

The a i m  i s  then t o  s e l e c t  u i n  such a way as t o  minimize the p o s i t i ~ e  n d e f i n i t e  quadra t i c  form (Euclidian norm i f  i s  the u n i t y  matr ix)  i n  
equa t ion  23  s u b j e c t  t o  the  c o n s t r a i n t  on u . 
t o  reducing t o  a minimum t h e  dis tance measured i n  t h e  N dimensional 
manifold between t h e  a c t u a l  and desired s t a t e s  a t  t = (n+l)T. 
cond i t ion  f o r  s a t i s f y i n g  the  c r i t e r i o n  of equat ion 23 i s  t h a t  t h e  d e r i -  
vative of t h e  bracket  w i th  resDect t o  11 h~ 7n,-n mot :- - - - f - -  
equa t ion  ZL. 

E s s e n t i a l l y  t h i s  amounts n 

A necessary 

- 
L' 

I 
au 

25. 2 A' ( (n+l)T)K [k ( (nS1)T) + A ( (n+l)T) % -c((Ml)T)] = 0 du -n 11 
n 

This c l e a r l y  i s  a n  a lgeb ra i c  equation of order  ( 2 R - 1 )  i n  u . The 
o r d e r  i s  always odd; consequently, t h e r e  w i l l  always be one rea? s o l u t i o n  
which s i g n i f i e s  a minimum bu t  t he  p o s s i b i l i t y  e x i s t s  f o r  more than one 

n rea l  s o l u t i o n  some of which may denote maxima. I f  t he  s o l u t i o n  f o r  u 
of equa t ion  25 r e s u l t i n g  i n  t h e  smallest  minimum exceeds U i n  absolute  
va lue  then u = U i s  t o  be used with the  proper s ign .  n 

I f  equat ion 25 i s  s t r o n g l y  nonlinear,  a complete s o l u t i o n  f o r  a l l  
r o o t s  may be r equ i r ed  along with an a n a l y s i s  of which y i e l d s  the des i r ed  
minimum. I n  most cases, however, a s impl i f i ed  way of f i nd ing  the  des i r ed  
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u can be found which is  i l l u s t r a t e d  i n  t h e  following. n 

- S i m p 1  i f  i c a t i o n s  

I n  t h e  broad c l a s s  of systems considered h e r e ,  t he  higher  order  
t e r m s  i n  t he  above working equations w i l l  become p rogres s ive ly  smaller  
as T i s  reduced. Eventually only the  f i r s t  order  terms w i l l  be s i g n i -  
f i c a n t .  
process  i s  ou t s ide  the  scope of t h i s  paper. It seems, however, t h a t  t h e  
p r a c t i c a l  ca ses  would tend t o  be R = 1 and R = 2 ,  consider ing t h a t  beyond 
R = 2 t h e  number of terms begins t o  p r o l i f e r a t e  p r o h i b i t i v e l y .  
i s  d e s i r a b l e  t o  devote some s p e c i a l  d i scuss ion  t o  t h e  cases  of R = 1, 2 .  

Se l ec t ing  t h e  optimum T which would be accomplished i n  a l e a r n i n g  

It then 

Case R = 1 

F i r s t  t h e  s p e c i a l  forms of equations 2 1 ,  2 2 ,  15, 10, 7 and 16 w i l l  
be w r i t t e n  

P S n 
30' gke = (:)[c U n-h *rips+ (-hT)S(-(n-h)T)P-e 

p=e s=O h=l-k i-n 

31. n = 2(S+1) +1 

S i g n i f i c a n t l y ,  an e x p l i c i t  so lu t ion  of equation 25 becomes poss ib l e  

I f  f u r t h e r  t he  parameter v a r i a t i o n  i s  slow compared t o  T,  then 
a (t) = g. -k t o  use one i n t e r v a l  f o r  f i nd ing  2. 

I f  r e l i a b l e  values  for 2 a r e  a v a i l a b l e ,  i t  i s  then  s u f f i c i e n t  
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3 3 .  x(nT) = %-l(nT) +a u ~ - ~  

Applying t runca ted  Taylor s e r i e s  t o  estimate %-l(nT) 

s - l ( n T )  = A 2 ((n-1)T) 3 4 .  

where 

3 4 .  A = 

T 

1 

0 

T2/2  

T 

/ (P-N+l) 1 1 

. PP/P!  

Tpl / (P- l ) !  

TP -N+1 (P+l)xN 

I n  which case  x((n- l )T)  i s  a P vec to r  and x(nT) i s  an N vec to r  i n  
equat ion  3 4  with P + l Z N .  
order  of the  system and the  system happens t o  be l i n e a r ,  the  A can be 
viewed a s  a crude approximation of t h e  s t a t e  t r a n s i t i o n  matrix.  The 
a c t u a l  s t a t e  t r a n s i t i o n  matr ix  can be used i n  these  equat ions f o r  com- 
pa r i son  purposes i n  s tud ie s .  

I f  P + 1 = N ,  which a l s o  r ep resen t s  t h e  a c t u a l  

N o w  s e n s i t i v i t y  2 can be computed a s  

and from Equation 25 r e l a t i o n  def ining the  s e l e c t i o n  of t h e  c o n t r o l  force  
Fnr i- hec- 

If the  measurements of x (nT) a r e  noisy or  t h e  p l an t  i s  f a s t  time 
vary ing ,  t h e n 2  must be est imated from seve ra l  p a s t  i n t e r v a l s .  
of mean square e s t ima t ion  f o r  s t a t i o n a r y  p l a n t s  i s  mentioned here  a s  an 
example 

A vers ion  
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h e r e  W i s  a weighting matr ix  and k i s  the  number of p a s t  i n t e r v a l s  kep t  
in the memory. Equation 37 represents  a set  of a l g e b r a i c  e q u i a t i o n s  
which i s  a necessary cond i t ion  f o r  t h e  b e s t  e s t ima te  of 2. 

Case R = 2 

Again the  s p e c i a l  ve r s ions  of t h e  working equat ions f o r  R = 2 w i l l  
be l i s t e d :  

38. x((n+l)T) = x ((n+l)T) +a -73 ((n+l)T)un + h2((n+l )T)un2 
-73 

1 t i - 1  

3 9 .  %((n+l)T) = y((n+l)T)+ zk((n+l)T)uk + 5k2((n+l)T)uk2 
k=O 

I 
40. zik = d i ) ( t )  + c (i) and -k a 2 = + 2 ( i ) ( t )  

i=O 

q c p s - '  %ps+, 

A 2  

There w i l l  then be the  following c o e f f i c i e n t s  t o  f i n d  

%(k-l)ps+ . . . %(k-I)ps+, A 2 
PS- Y k PS-, k PS+, %(k-1)ps-' ' ' %(k-1) 

and y g iv ing  a t o t a l  of = 2+f i n  conjunct ion wi th  equa t ion  16. So 

i f  S = 1 which s h o u l d b e u s u a l l y  s a t i s f a c t o r y ,  then it i s  necessary t o  
keep a t o t a l  of n = 2(2+I) 2+1 i n t e r v a l s  i n  t h e  memory t o  i d e n t i f y  t h e  
response and s e n s i t i v i t y  of a system represented by the  R = 2 case.  
The l a r g e s t  poss ib l e  value of I would, of course,  be n but  I = 2-4 w i l l  
probably be s a t i s f a c t o r y  g iv ing  n = 17~25. A corresponding number of 
not  completely overlapping i n t e r v a l s  would be needed f o r  e s t i m a t i o n  i n  
conjunct ion with equat ion 20. Further r educ t ion  of t h e  number of i n t e r v a l s  
needed (e.g. by choosing S = 0 or I =  0) might be poss ib l e  i n  many instarices 

P 

~~ 

Some a d d i t i o n a l  study of equation 25 f o r  t h e  s e l e c t i o n  of t he  
optimal con t ro l  fo rce  un i s  indicated.  

du ' 
--n 

n 
With R = 1, A reduces t o  a column matr ix  a ((n+l)T) a l s o  du - - 1, 

-n -n 

and term% un varies with u i n  a manifold c o n s i s t i n g  of a s t r a i g h t  

l i n e  which will have a unique nea res t  po in t  t o  s ( (n+ l )T)  a s  given i n  
equa t ion  33 and 3 6 .  

n 

With R = 2, A con ta ins  two columns and A u t akes  t h e  form A u = --n 1.m m 
a u + a 2u2 a s  shown i n  equat ion 38 which i n d i c a t e s  v a r i a t i o n  on a 

parabola i n  the  manifold of t h e  plane containing v e c t o r s  a and a 2 .  

Since t h e  d i s t ance  of - c from the plane of t h i s  parabola Is f i x e d ,  the 

-n -Tl 

7 --n 
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minimum d i s t ance  between g( (n+l)T). and 5 ((n+l)T) w i l l  be  reached a t  
t he  u 

- c i n t o  the  plane of t h e  parabola .  It i s  then easy  t o  see  from the  
geometry of t he  parabola  t h a t  i f  there  i s  only one r e a l  r o o t  of equat ion  
25, t h i s  i d e n t i f i e s  a minimum. If t h e r e  a r e  t h r e e  r e a l  r o o t s ,  one 
s i g n i f i e s  a maximum, and the  o ther  two s i g n i f y  minlma, t h e  smaller of 
which i s  needed. I n  p r a c t i c a l  cases where R = 2 ,  t h e  second order  
e f f e c t  should be r e l a t i v e l y  small which geometr ica l ly  amounts t o  r ep lac ing  
the  s t r a i g h t  l i n e  of t h e  R = 1 case by a moderately curved l i n e  i n  the  
v i c i n i t y  of t h e  des i r ed  number. This w i l l  r e s u l t  i n  a l i m i t e d  s h i f t  of 
t h e  optimum u va lue  from what r e s u l t s  when only the  l i n e a r  t e r m  i s  n 
considered.  The o the r  minimum then w i l l  be very  l a r g e  a t  a l a r g e  un. 

This  r e a l i z a t i o n  permits  t he  e x t r a c t i o n  of t h e  p e r t i n e n t  r o o t  without  
r e s o r t i n g  t o  the  f u l l  s o l u t i o n  of the a l g e b r a i c  equat ion  25. Le t ,  f o r  
i n s t ance ,  t he  t h i r d  order  equat ion f o r  R = 2 a s  obtained from equat ion 
25 be: 

41. 1 + d u  + & u  + Au = 0 

po in t  along t h e  parabola which i s  n e a r e s t  t o  t he  p r o j e c t i o n  of n 

2 3 

Where by the  assumptions made 8 and A a r e  small compared t o  d using 
second order  approximation a t  f i r s t  

42. 1 + ocvo + d v o  = 0 

and assuming t h a t  vo can be approximated by 

2 

2 43. v = u + U l d  + u 2 d  + ... 
0 0 

Now s u b s t i t u t i n g  equat ion  43 with equat ion 42 and assuming z e r o  
va lue  f o r  t h e  c o e f f i c i e n t s  of a l l  d i s t i n c t  powers of C$ s u f f i c i e n t l y  
----.-- ~ &A* -..- *;-- I 3  z-  - - - . l . . L - l -  - _-  - y - u - - v A A  7 L . e  A l 1 J . J  LCQUP bu 

1 2 
u 2 =  - -  u1 4 3  d 5  

= - -  1 4 4 .  u = - a  
0 

I n  genera l  

q i q k - i - l  46 .  q k =  k > O  

Now l e t  

47. u = v -t- v,A + v 2 A  ... 
and s u b s t i t u t i n g  th.&s and v 
c o e f f i c i e n t s  of A t o  zerg,  

2 
0 

i n  equation 41; then  equat ing ind iv idua l  
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3 
V 
0 

v l =  - d+ 2 d v o  

k-1 k - i - j  o r  i n  genera l  k-l 

v v v  i j k - i - j - 1  4z 1=1 Vivk- i  + &  & 
d + 2  $ v o  48. Vk = - 

Equations 44 through 48 then def ine  the  des i red  smal les t  c o n t r o l  lead ing  
t o  t h e  sma l l e s t  minimum, the  one neares t  t he  l i n e a r  approximation. The 
l a s t  equat ion  converges f a s t  and i s  r e a d i l y  evaluated by d i g i t a l  computers. 
This  approach avoids a search  f o r  t he  smaller  of the  two p o s s i b l e  r e l a t i v e  
minima. Extension t o  h igher  orders  i s  poss ib l e .  

S t a b i l i t y  

Since the  system i s  assumed t o  be unknown and u n i d e n t i f i e d ,  genera l  
conclus ions  on s t a b i l i t y  during a con t ro l  opera t fon  cannot be drawn. 
It can, however, be observed whether t he  norm of t he  d i s t a n c e  between 
t h e  s t a t e  
i s  decreas ing  a t  least on t h e  average. I f  so, t he  p a r t i c u l a r  c o n t r o l  
ope ra t ion  a t  l e a s t  i s  s t a b l e .  

and des i r ed  s t a t e  c as measured i n  the  N dimensional manifold 

The change of t he  e r r o r  norm on the  b a s i s  of equat ion  2 1  and 22 
i n  s t e p  number (n + l),assuming for t h e  time being t h a t  c ((n+l)T) = 0,  

n n 

n- 1 

k=O 

where f o r  0 C L t n - 1  a r e  

matrix, equat ion  49 def ines  
eva lua ted  dur ing  ind iv idua l  

%c 

n- 1 

known past va lues .  With 11 = - I, the  u n i t  

t h e  Eucledian norms. Equation 49 can  be 
runs. 

Proving t h a t  EA i s  negat ive  f o r  a l l  z(nT) i s  s u f f i c i e n t  t o  assure  

g loba l  asymptotic s t a b i l i t y  by Liapunov's second method and Krassovsk i i ' s  
theorem provided N i s  t he  a c t u a l  order of t h e  system. I n  f a c t ,  s t a b i l i t y  
i s  obvious under these  condi t ions .  Such genera l  conclusion,  of va lue  
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f o r  r e fe rence  purposes,  might be drawn f o r  s p e c i f i c  p l a n t s  which a r e  
known. 

L e t  u s  then  assume t h a t  t h e  Volterra  s e r i e s  of t h e  p l a n t  as per  
equat ion  1 i s  known, and concentrate  on t h e  s i n g l e  i n t e r v a l  T beginning 
a t  t = nT. Then with re ference  t o  equat ion  8, 

where y i s  now t h e  f r e e  response r e s u l t i n g  from s t a t e  z(nT),  and wi th  
r e fe rence  t o  equat ion  4 and 6, 

51. A (t) - 
11 

( i) t ..... .. . j hj((t), 52 .  A n j  = iif 1, .. . ... d r j  I 
J 

d t i T  nT I t = (nt1)T 

so 

-x' - (nT) 2 (nT) 

where u i s  def ined by equat ion 25 a s  n 

For t h e  s p e c i a l  case  of a l i n e a r  system R = J = 1 and 

55. y ((n+l)T) = xn ((n+l)T) = (nT, (n+l)T) x(nT),  

where 

by equat ion  35 and 36, so t h a t ,  with r e fe rence  t o  equat ion  33 and wi th  
- c ((n+l)T) = 0, 

i s  the  t r u e  s t a t e  t r a n s i t i o n  matr ix ,  while  u and 5 a r e  def ined n 

56. 

Then 

5 7 .  

equat ion  49 t akes  the  form 

= -2' (nT) ,M 5 (nT) En+l 
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where 

58. = ,H -E' (nT, (n+l)T) 

1 K' 2 ((n-l)T) 2' ((n-1)T) - a(  (n-1)T)a' ((n-l)T)_K 

[L+ - - a' ((n-l)T)_K a ((n-1)T) 1. [ L  + - a ' ( (n- 1) TI@-( (n- 1 T) 

F(nT, (n+l)T) 

Then by Liapunov's second method it i s  s u f f i c i e n t  f o r  g loba l  asymptotic 
s t a b i l i t y  f o r  matr ix  t o  be pos i t i ve  d e f i n i t e .  Furthermore, f o r  t he  
s t a t i o n a r y  case  where F(nT,(n+l)T) = F and a(nT) = 2, a p o s i t i v e  d e f i n i t e  - M w i l l  be def ined f o r  a p o s i t i v e  def iGi te  
t h e  matr ix  

by equat ion  58 provided 

has  e igenvalues  of absolu te  value l e s s  t han  one. The experimental  
r e s u l t s  recorded i n  t h e  sequel  i nd ica t e  t h a t  t h i s  cond i t ion  circumscribes  
we l l  t h e  s t a b l e  regions of operation. 

Since equat ion 54 is of t h i r d  order  i n  un even f o r  R = 2,  no c losed  

form f o r  u i s  p r a c t i c a l .  Consequently, it i s  d i f f i c u l t  t o  reach genera l  

conclusions f o r  nonl inear  p l a n t s .  
n 

Assuming R = 1, however, l i m i t s  might be e s t a b l i s h e d  f o r  t h e  s t a b i l i t y  
of nonl inear  p l a n t s ,  wi th  5 ((n+l)T) = 0 when c o n t r o l l e d  by t h e  l i n e a r ,  
R = 1, c o n t r o l  law of equat ion 35 and 36. 

II IZ; 15: ~ S S U I I I W  LIML LLIC J ~ , Y ~ L I I  1 s  i nva r i anc ,  m e n  i n  equat ion 3u 
matrix A (n+l)T) i s  cons tan t  and determined f o r  a s p e c i f i c  system by 

equa t ion  5 2 ;  so  t h a t ,  wi th  reference t o  equat ion  35, the s e n s i t i v i t y  a 
becomes 

-n 

u "... ... 
U - 

n- 1 j =1 

provided A j a r e  the  columns of %. -n 

I n  o the r  words, t h e  s e n s i t i v i t y  3 t h a t  i s  used i s  a func t ion  of t h e  
preceding con t ro l  fo rce  f o r  t h e  R =  1 assumption when the  system i s  
a c t u a l l y  inva r i an t .  
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Then t h e  con t ro l  force  is se lec ted  by equat ion  36 a s  
T 

Then with equat ion 50 

and with equat ion 53 

63. E = AV(X(nT) + AW((x(nT), un-l> 

where 

J j 
64. OW = +2 [ a' (u ll-1)- x(nT) ] [ y((n+l)T)FJ AJ] 

j =1 

Now a s u f f i c i e n t  condi t ion  f o r  s t a b i l i t y  i s ,  by Liapunov's second method, 
t h a t  

66. AW + AV<O f o r  ; = 2 f o r  a l l  x(nT) and a l l  un 

Considering t h a t  y((n+l)T) ,  t h e  f r ee  response s t a r t i n g  a t  t = nT from 
s t a t e  x(nT),  depends only on x(nT) i f  t he  system i s  s t a b l e  wi thout2 the  
c o n t r o l ,  it may have a Liapunov funct ion of t h e  form V(x) = IIxII ; 
then  AV, a s  given i n  equat ion 65, i s  negat ive d e f i n i t e  f o r  = 2. So 
it is enough forAW t o  be nonposit ive t o  show t h a t  t h e  con t ro l l ed  system 
i s  s t a b l e .  This  may be shown f o r  s p e c i f i c  systems but t h e  f a c t  t h a t  

n-1 u i s  present  i n  equat ion 64 causes a d d i t i o n a l  d i f f i c u l t i e s .  u 

i t s e l f  i s  varying during t h e  t r a j e c t o r y  and is defined by equat ions i n  
t h e  na ture  of equat ion  61 which are  too  complex t o  p e r m i t  exact  consider-  
a t i o n .  Since u is cons t ra ined  t o  / u l 5 U ,  it may be poss ib le  t o  show 

system then would be proved s t a b l e  but  t h e  cond i t ion  i s  r a t h e r  r e s t r i c -  
t i v e l y  s u f f i c i e n t  . 

n- 1 

AW t o  be nonposi t ive f o r  a l l  u va ues wi th in  t h i s  c o n s t r a i n t .  The 
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111. HYBRID SIMULATION (FIFTH ORDER) 

I n t r o d u c t i o n  

The following system was  s e l ec t ed  f o r  t h e  hybrid s imula t ion  study: 

1 
G ( s )  = 

s [ ( s  + 0.5)2 + 1][(s + 6)2 + 5'1 

This system was taken from the f i f t h  o rde r  systems previously inves-  
t i g a t e d  i n  t h e  a l l - d i g i t a l  simulation study. It was simulated on t h e  
?nalog computer with a des i r ed  set  of i n i t i a l  cond i t ions  f o r  C ( p o s i t i o n ) ,  
C ( v e l o c i t y ) ,  E ( a c c e l e r a t i o n ) ,  Cy and C. A hybrid run  cons i s t ed  
of d r i v i n g  the  system from t h e  pos i t i on  r ep resen t ing  t h e  i n i t a l  condi- 
t i o n s  t o  ze ro  with t h e  s i g n a l s  from t h e  d i g i t a l  computer. 

... ... . 

The hybrid s imulat ion runs included i n  t h i s  s e c t i o n  are presented 
t o  i l l u s t r a t e  t h e  e f f e c t  of u s ing  a f i n i t e  Taylor Polynomial t o  approxi- 
m a t e  t h e  s t a t e  t r a n s i t i o n  matrix, and t o  i l l u s t r a t e  t h e  e f f e c t  of f i l t e r -  
i ng  and p r e d i c t i o n  t o  estimate t h e  s ta te  v a r i a b l e s  from sampled da ta .  
The runs were made f o r  d i f f e r e n t  decis ion i n t e r v a l  t i m e s  (T) ,  and f o r  
d i f f e r e n t  weighting f a c t o r s  (h ) .  In  a l l  cases t h e  va lues  of T and h 
w e r e  s e l e c t e d  from the  performance and s t a b i l i t y  boundaries f o r  t h i s  
system. 
r e p o r t .  

system; i = 5,  4 ,  3 ,  2,  1) w a s  held cons t an t  throughout each run. Also, 
a l l  computations were made i n  f l o a t i n g  po in t  a r i t hme t i c .  

These boundaries were included i n  the  las t  q v a r t e r l y  progress  
The est imated u n i t  s t e p  response, ai(0)] = T1/i!] ( f i f t h  o rde r  

The runs,  made with sampled (exact)  state v a r i a b l e s ,  obtained t h e s e  
v a r i a b l e s  d i r e c t l y  from t h e  analog computer. The runs,  w i th  est imated 
s ta te  v a r i a b l e s ,  obtained them by f i l t e r i n g  and p r e d i c t i o n  from sampled 
d a t a .  I n  t h e  hybrid s imulat ions with f i l t e r i n g ,  t h e  f i t t i n g  matrix 

runs used least  square polynomial f i t t i n g ,  f o u r t h  degree polynomial 
f i t ,  and a sample i n t e r v a l  of 0.15 seconds. Also, e i g h t  samples of 
d a t a  were used i n  a l l  cases. 

L l l d ~  w a a  UDCU w a n  U C L A V C U  LLVIIL C U L - J  ~ L C U L C L L U I ~  S L U U l e S .  All llyDrlCl 

Hybrid runs were made f o r  t he  system us ing  sampled (exact)  s ta te  
v a r i a b l e s ,  and t h e  exac t  state t r a n s i t i o n  matrix from t h e  a l l  d i g i t a l  
study. These runs were then  compared with t h e  a l l  d i g i t a l  runs t o  
confirm t h e  accuracy of t h e  s imulat ion and r e s u l t s .  
e q u i v a l e n t  except f o r  such e f f e c t s  as  A-D and D-A conversion, computa- 
t i o n a l  round o f f ,  and a s l i g h t l y  d i f f e r e n t  time o r i g i n ,  which a r e  taken 
i n t o  account w i th  t h e  hybrid s'mulation. The maximum a v a i l a b l e  fo rce  i n  
t h e  hybrid simula ions w a s  t10 un i t s ,  whereas i n  t h e  a l l  d i g i t a l  s imulat ions 

approached t h e  a l l  d i g i t a l  r e s u l t s  i n  smoothness and s e t t l i n g  t i m e .  
Typical  r e s u l t s  are p l o t t e d  i n  Figures 1, 2 ,  3 ,  and 4 .  

These runs a r e  

!i 
t h e  f o r c e  w a s  e10 z u n i t s .  The r e s u l t s  were s a t i s f a c t o r y ,  and c l o s e l y  
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B. Sampled S t a t e  Var iab les  - Taylor Runs 

F igures  5 ,  6, and 7 ,  a r e  comparisons of hybrid and a l l  d i g i t a l  
runs wi th  known state v a r i a b l e s  and Taylor approximate s t a t e  t r a n s i t i o n  
matrix. These f i g u r e s  demonstrate t he  same conclusions a s  t h e  previous 
paragraph. 

The hybrid runs wi th  sampled s t a t e  v a r i a b l e s  and t h e  Taylor approxi- 
mate s t a t e  t r a n s i t i o n  mat r ix  were run t o  s tudy  t r u n c a t i o n  e r r o r .  The 
t r u n c a t i o n  e r r o r  i s  t h e  e r r o r  caused by using a f i n i t e  Taylor Polynomial 
t o  approximate the  s t a t e  t r a n s i t i o n  matrix. Typical  r e s u l t s  of t h i s  
s tudy a r e  presented i n  Figures  9 ,  10, and 11. I n  a l l  cases ,  t h e  t run -  
c a t i o n  e r r o r  appears n e g l i g i b l e ,  s ince s e t t l i n g  t i m e  and smoothness of 
response a r e  s t i l l  adequate f o r  good c o n t r o l .  

A s e r i e s  of runs  were performed with t h i s  system t o  see  t h e  e f f e c t  
of us ing  d i f f e r e n t  i n i t i a l  condi t ions .  The r e s u l t i n g  responses a r e  
presented i n  Figures  13 and 14 .  The s e t t l i n g  time and amount of overshoot 
d i f f e r e d  f o r  each s e t  of i n i t i a l  condi t ions ,  but  t he  system exh ib i t ed  
s a t i s f a c t o r y  c o n t r o l  i n  each case.  

Cer ta in  common n o n l i n e a r i t i e s  were s tud ied  by another  s e r i e s  of 
hybr id  runs.  Figure 15 demonstrates t he  e f f e c t  of a deadzone i n  the  
app l i ed  force ,  and Figures  16 and 17 show t h e  e f f e c t  of p o s i t i o n ,  v e l o c i t y ,  
and a c c e l e r a t i o n  s a t u r a t i o n .  The r e s u l t s  i n d i c a t e  t h a t  adequate c o n t r o l  
was maintained, and so  the  r e s u l t s  can be judged s a t i s f a c t o r y .  

One las t  a rea  w a s  inves t iga ted  wi th  hybrid runs wi th  sampled s t a t e  
v a r i a b l e s .  I f  t h e  a c t u a l  order  of a system i s  ve ry  l a r g e ,  it i s  l i k e l y  
t o  be con t ro l l ed  f o r  a lower than  a c t u a l  order .  Figure 8 shows t h e  
e f f e c t  of c o n t r o l l i n g  a f i f t h  order system a s  i f  it were a fou r th  or  
t h i r d  order  system. Successful  cont ro l  was p o s s i b l e  i n  both cases ,  
and t h e  c o n t r o l  d id  no t  d e t e r i o r a t e  i n  any objec t ionable  degree. 

C. Estimated State Var iab les  - Taylor Runs 

Hybrid runs were made f o r  the system us ing  est imated s t a t e  v a r i a b l e s ,  
and Taylor approximate s t a t e  t r a n s i t i o n  matrix. These runs  were made t o  
s tudy  t h e  e f f e c t  of f i l t e r i n g  and p r e d i c t i o n  t o  e s t ima te  the  s t a t e  v a r i -  
a b l e s  from sampled da ta .  Typical r e s u l t s  a r e  i l l u s t r a t e d  by Figures  18, 
1 9 ,  and 20. These graphs compare the  hybrid runs  wi th  sampled s t a t e  
v a r i a b l e s  and t h e  hybr id  runs w i t h  es t imated  s t a t e  v a r i a b l e s .  Exact 
comparison was not  p o s s i b l e  because t h e  sampled s t a t e  v a r i a b l e  runs 
outputed a programed i n i t i a l  force f o r  t h r e e  dec i s ion  i n t e r v a l s ,  whereas 
the  est imated s t a t e  v a r i a b l e  runs outputed a programed i n i t i a l  fo rce  
f o r  a d i f f e r e n t  number of i n t e rva l s .  The r e s u l t s  were s a t i s f a c t o r y ,  
bu t  u s u a l l y  not  as good a s  those obtained wi th  t h e  sampled s t a t e  v a r i a b l e s .  

A series of runs  w a s  made using d i f f e r e n t  i n i t i a l  condi t ions .  
F igure  21  shows some of the  r e s u l t s  of t hese  runs .  
compares t h e  hybrid sampled and estimated s t a t e  v a r i a b l e  runs f o r  a dead 
zone i n  the  appl ied  fo rce .  
s a t i s f a c t o r y ,  but  not  q u i t e  a s  good a s  t h a t  obtained when the  s t a t e  v a r i a b l e s  
w e r e  d i r e c t l y  sampled from the  analog computer. 

Also, Figure 1 2  

The cont ro l  i l l u s t r a t e d  i n  both f i g u r e s  i s  
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1 
G ( S )  = S[(S+0.5)2+1] kS&) 2 2  +5 1 

T=O .5 h=O. 8 
Hybrid s imula t ion  wi th  sampled 
s t a t e  v a r i a b l e s  & e x a c t  s t a t e  
t r a n s i t i o n  mat r ix  - 
A l l  d i g i t a l  s imula t ion  wi th  exac t  
s t a t e  v a r i a b l e s  & e x a c t  s t a t e  
t r a n s i t i o n  matr ix .  -- - 

Figure 1 

1 

G ( S )  = s[(s+o.5)2+l] [(s+6)2+52] 
T=O .3 h=1.0 

Hybrid s imula t ion  wi th  sampled 
s t a t e  v a r i a b l e s  & e x a c t  s t a t e  
C A . c L L I O I L I " I .  LLLCaLL 1r. 

A l l  d i g i t a l  s i m u l a t i o n  with exac t  
s t a t e  v a r i a b l e s  & e x a c t  s t a t e  
t r a n s i t i o n  matr ix .  I - -. 

Figure  2 

. L L _ -  
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....... - __ ..... 

! -- - . ~  . . . . . . . .  

-0.8 h-0.6 

Hybrid simulation with sampled 
state variables & exact state 
transition matrix - 
A l l  digital simulation with exact 
state variables & exact state 
transition matrix. - - - 9 

Figure 3 

.- ~. 
I 
I 

I 

I .  

. -. 

30 3,O 
I 

. ._ . . . . . .  

T=O .6 h-1 .O 

Hybrid simulation with sampled 
state variables 6 exact state 

All digital simulation with exact 
state variables & exact state 
transition matrix. 

Figure 4 

A 2  -- ---..>.. 

- 

- - - - 

. .  

31-12-11 , 
I 

2'0 3'0 

......... L. .... i.. .. . . .  . - DECISION INTERVALS t 
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G ( S )  = s[(s+o.5)2+1] [ (S+6)2+52] 

T=O .3  h=l .O 
Hybrid simulation with sampled 
state variables & Taylor approx. 
state transition matrix - 
All digital simulation with exact 
state variables & Taylor approx. 
state transition matrix. - - 0 .  

Figure 5 

1 
G ( S )  = s[(s+o.~)~+~J [(s+6) 2 2  +5 J 

T=O .8 h=O . 6  
Hybrid simulation with sampled 
state variables & Taylor approx. 
state transition matrix - 
All digital simulation with exact 
state variables & Taylor approx. 
state transition matrix. - I I 

Figure 6 

DECISIOE INTERVALS d 
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8 
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T=O .5 h=O. 8 

Hybrid s imula t ion  with sampled 
s t a t e  v a r i a b l e s  & Taylor approx. 
s t a t e  t r a n s i t i o n  matrix.  - I 

A l l  d i g i t a l  s imula t ion  with e x a c t  
s t a t e  v a r i a b l e s  E; Taylor approx. 
s t a t e  t r a n s i t i o n  matrix.  9 - - - 

Figure 7 

1 
2 2  

G ( S )  = 
S [(S+0.5)2+l] [(S+6) +5 ] 

T = 0.6 h = 0.4 

Hybrid s imula t ion  with sampled 
s t a t e  v a r i a b l e s  and Taylor approx- ~- ~~ 

L l l l d L r  SLdLe L L d l l S I L L U I I  Ll ldLL LA. 

F i f t h  order  c o n t r o l  
Fourth order  c o n t r o l  .I - - 
Third order  c o n t r o l  ---- 

Figure 8 
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1 
1 

G ( S )  = I 

s [(s+0.5)~+1] [(s*) 2 2 ,  +5 ] 
I T = 0.6 h = 0.5 

t -  - -  I 

Hybrid simulation with sampled 
state variables and exact state 
transition matrix. . I I., 
Hybrid simulation with sampled 
state variables and Taylor approxi- 
mate state transition mztrix=- 

t I 

Figure 9 

- _ _  

- _. 

1 
G ( S )  = s [(S+O .5) 2+1] [ ( S + 6 )  2 2  +5 ] 

-0.5 h=O .8 

Hybrid simulation with sampled 
state variables & exact state 
transition matrix. -I-- 

Hybrid simulation with sampled 
state variables & Taylor approx. 
state transition matrix. - 

Figure 10 

30 
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i 

Hybrid simulation with sampled 
state variables & exact state 

1 transition matrix. ---I, 

Hybrid simulation with sampled ' 

state variables & Taylor approx. 
state transition matrix. - , 

Figure 11 

1 
2 2  G ( S )  = 

s [(SX,.5)2+g eS+6)  +5 ] 
T = 0.6 h = 0.4 
Deadzone 0.05 Mmax. 

Hybrid simulation with sampled 
"+"+,, .."-:"l.l,.- ..-2 m---7 --- . 

.. 

mate state transition matrix.- 
Hybrid simulation with estimated 
state variables and Taylor approxi- 
mate state transition matrix.-- - 

Figure 12 

. .  . .., . .. . 
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Hybrid s imulat ion wi th  sampled s ta te  v a r i a b l e s  
and Taylor approximate s t a t e  t r a n s i t i o n  ma t r ix  

-1.0 

-2.c 

" 3.c 

1 
2 2  

G ( S )  = 
S C(~t0.5)~ +1] [(S+6) +5 J 

T = 0 . 6  h - 0.4 
. .. ... . 

Curve c(o) k ( o )  Cia) c ( 0 )  C(0)  - - 2  + 1 / 2  +1 +1 -1 
-I-* -2  -112 +1 +1 -1 
--I +2 -112 +1 +1 -1 

FIGURE 13 
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Hybrid s imula t ion  wi th  sampled s t a t e  v a r i -  
ab l e s  and Taylor  approximate s t a t e  t r a n s i t i o n  
mat r ix  

1 
2 2  G(S) = 

s [c9+o.5)2+1] [@+6) +5 3 
T = 0.6 h = 0.4 

.e .I. 

Curve C ( 0 )  b ( 0 )  k i 0 )  C ( 0 )  C ( 0 )  - - 2  +1/2 -2 +1 -1 
-.I-- - 2  +1/2 +1 -2 -1 
-I- -2  +1/2 +1 +1 +2 

FIGURE 14 
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2 2 '  3 G(S) = 
S [(S+0.5)2+1] [(S+6) +5 ] 

1 .  T = 0.6 h = 0.4 

Hybrid simulation with sampled 
state variables and Taylor approx- . 
imate state transition matrix. 

available force) 
Deadzone 0.05 Mmax (Maximum 

Deadzone 0.10 Mmax - - - - 
I 

Figure 15 - .  

1 

S kS+0.5)2+1] ES+6) +5 ] 2 2  G ( S )  = 

T = 0.6 h = 0.4 

Hybrid simulation with sampled 
state variables and Taylor approx- 
imate state transition matrix. 

I - -  

-C(O) saturation at f2.1 units 

- - = C ( O )  saturation at kO.8 units 

Tnitial condigions: C(0) =-2; - 4  
C(0)  = -1/2;  C(0) = +l; C(0) = +l; 
'C(0) = 0. 

Figure 16 
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- 1 . 0 -  

-2.0- 

- -3.: 4. 

SlON INTERVALS - 

1 

S c(S+0.5)2+1] ES+6) +5 ] 2 2  G ( S )  = 

A. - U.U n = u.4 

Hybrid simulation with sampled 
state variables and Taylor approx- 
imate state transition matrix. .. - C(0) saturation at k1.O units 

.--- C(O) saturation at k1.0 units and 
C(O) saturation at -1.0 unit 

Tnitial condi$ions : C(O).,.= +2; 
C(O)."F +1/2;  C(0) = +l; C(0)  = 
+l; C(0) = 0. 

Figure 17 
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! 
1 

G ( S )  = s[(s+o.5)2+l] [ ( S + 6 )  2 2  +5 1, 
T-0.3 h=O .6 

Hybrid simulation with estimated 
state variables & Taylor approx. 
state transition matrix.- 

Hybrid simulation with sampled 
state variables & Taylor approx. 
state transition matrix. --- 

I 

Figure 18 

T=O .6 h=O .4 
Hybrid simulation with estimated 
state variables & Taylor approx. 
state transition matrix. - 
Hybrid simulation with sampled 
state variables & Taylor approx. 
state transition matrix. I--- 

Figure 19 
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1 
G ( S )  = s [ (s+o.5)2+l] [(S+6) 2 2  +5 ] 

T=O . 3  h=O .8 

Hybrid simulation with estimated 
state variables & Taylor approx. 
state transition matrix. - 
Hybrid simulation with sampled 
state variables & Taylor approx. 
state transition matrix. --.-A 

Figure 20 
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Hybrid s imula t ion  wi th  es t imated  s t a t e  v a r i -  
a b l e s  and Taylor  approximate s t a t e  t r a n s i t i o n  
matr ix  

G(s)  = 1 
2 ' 2  S [(S+0.5)*+1] [(S+6) +5] 

T = 0.6 h = 0.4 

. .. .. .. 
Curve C ( 0 )  C(0) C(0)  C(0) C(0) 
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IV.  COMPUTER REQUIREMENTS 

I n t r o d u c t i o n  

Four major programs f o r  hybrid s imulat ion on t h e  Emerson EM-5000 
D i g i t a l  Computer have been w r i t t e n  and have been included i n  p a s t  quar- 
t e r l y  progress  r e p o r t s .  The l a s t  of t hese  programs w a s  chosen f o r  t h i s  
s e c t i o n ,  s i n c e  i t  was t h e  only program which included t h e  e s t ima t ion  of 
t h e  s t a t e  v a r i a b l e s .  

Hybrid Simulation Program Description 

This  hybrid s imulat ion program i s  w r i t t e n  i n  f l o a t i n g  p o i n t  a r i t h -  
metic, and is  good f o r  p l a n t s  of f i f t h  o r  lower order .  The est imated 
s t a t e  v a r i a b l e s  a r e  obtained by f i l t e r i n g  and p r e d i c t i o n  from e i g h t  
p a s t  va lues  of t h e  response,  c ( t > .  These e i g h t  p a s t  va lues  of c ( t )  may 
be obtained i n  one, two, o r  fou r  decis ion i n t e r v a l s ;  i . e .  e i g h t ,  four  o r  
two va lues  of c ( t )  may be sampled pe r  i n t e r v a l .  
has t h e  e s t ima te  of t h e  u n i t  s t e p  response,  a.(O)] , a s  an inpu t ,  and 
so i t  i s  f ixed  f o r  a l l  computations t h r o u g h o d  t h e  e n t i r e  run. 

Also, t h i s  program 

The block diagram f o r  t h i s  program i s  presented i n  Figure 2 2 .  This 
diagram i s  i d e n t i c a l  t o  the  one included i n  a previous r e p o r t ,  except 
f o r  t h e  a d d i t i o n  of t h e  est imated u n i t  s t e p  response block. This  block 
w a s  added t o  the  diagram s ince  it  most c e r t a i n l y  would be incorporated 
i n  f u t u r e  programs. 

This  p a r t i c u l a r  program uses  800 s to rage  l o c a t i o n s ,  which does not 
include cons t an t  l oca t ions  and subrontine s torage.  Of t h e  800 s to rage  
l o c a t i o n s  227 a r e  t h e  f l o a t i n g  point arithmetic i n s t r u c t i o n  loca t ions .  
The a d d i t i o n  of t h e  u n i t  s t e p  response block would add about 20 f l o a t i n g  
p o i n t  i n s t r u c t i o n s .  The following i s  a l i s t  o f  f l o a t i n g  point  a r i t h -  
metic i n s t r u c t i o n s  which a r e  used by t h i s  program: __  -~ 

Number of Add I n s t r u c t i o n s  92 
Number of Subtract  I n s t r u c t i o n s  2 
Number 'of Mult iply I n s t r u c t i o n s  127 
Number of Divide I n s t r u c t i o n s  6 

S p e c i f i c a t i o n s  f o r  Applicable Computer 

The only p o i n t s  considered i n  s e l e c t i n g  an a p p l i c a b l e  d i g i t a l  
computer were operat ing speed and programming ease.  One computer which 
could be used i s  the  DDP-24. This i s  a general  purpose d i g i t a l  computer 
manufactured by the  Computer Control Company, Inc .  P a r t i a l  DDP-24 
S p a c i f i c a t i o n s  follow: 

TYPE : 
Binary, core  memory, p a r a l l e l ,  s i n g l e  address  with indexing, 
and i n d i r e c t  addressing. 
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START 

READ INPUTS 

I 

I 

1 SAMPLE 8, 4 OR 2 VALUES OF c( t ) l  
I P E R  D E C I S I O N  INTERVAL 1 

I UDDAD C T A W U  1 

Yes 1 
ESTIMATE OF RESPONSE AT 

BEGINNING OF PRESENT INTERVAL 

1 
ESTIMATE OF UNIT  S T E P  RESPONSE 

i 
1 

1 

ESTIMATE OF F E E  Z S P O N S E  
T END OF PRESENT INTERVAL. 

ESTIMATE OF RESPONSE AT 
END OF PRESENT INTERVAL 

COMPUTED FORCE 

Yes c .!? 

S E T  A P P L I D  

I 

I 

I Y’KINT OUT 
(END OF RmJ A N S W R S  E X I T  - I  START 

I 
I STORE FOR PRINTOUT/”  I 

9C -------------I 

EM-5000 No 

STOP TIME DELAY 
ANALOG - OF 1 INTERVAL.+ START T ~ M E R ~  

* 
OUTPUT START 

FORCE ANALOG 
I I 

Note: Functions of s t a r r e d  blocks a r e  p e c u l i a r  t o  t h e  hybrid s imulator ,  
and need n o t  be r e a l i z e d  i n  an a c t u a l  c o n t r o l  system. 

FIGURE 22 HYBRID SIMLTLATION DIAGRAM 
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I 
I 
I 
I 
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I 
I 
I 
I 
I 
1 

= -  

I 
I 
U 
I 
I 
I 
I 

WORD LENGTH: 
24 b i t ;  signlmagnitude code. 

SPEED: ( including i n s t r u c t i o n  and operand access) 
Add 10 usec 
Mu 1 ti p 1 y 3 1  usec 
Divide 33 usec 
Add f l o a t i n g  po in t  

24 b i t  mantissa,  9 b i t  c h a r a c t e r i s t i c  116 usec 
39 b i t  mantissa,  9 b i t  c h a r a c t e r i s t i c  323 usec 

24 b i t  mantissa,  9 b i t  c h a r a c t e r i s t i c  97 usec 
39 b i t  mantissa,  9 b i t  c h a r a c t e r i s t i c  376 usec 

Add double p rec i s ion  fixed po in t  70 usec 
Mult iply double p rec i s ion  f ixed  point  204 usec 
110 word t r a n s f e r  5 usec 
110 block t r a n s f e r  166,000 words/sec.  

4,096 words, expandable t o  16 ,384;  a l l  words addressable:  
coincident  cu r ren t  f e r r i t e  core ;  non-vo la t i l e  s t o r a g e .  5 r?ser  
cyc le  time, 3 usec access t ime.  A s  a s p e c i a l  optior! ciirccrl.y 
addressable  memory expansion t o  32,768 words i s  p o s s i b l e .  

X u l t i p l e  f l o a t i n g  po in t  

MEMORY: 

Est imat ion of Program Execution Time UsinP DDP-24 Computer 

The f l o a t i n g  point  operations r equ i r ed  by the  previously descr ibed 
program would r e q u i r e  approximately 25 mill iseconds on the  DDP-24. 
Inc lud ing  the  f ixed  po in t  operations required by t h i s  program, a s a f e  
e s t ima te  of t h e  running time per decis ion i n t e r v a l  i s  i n  the  neighborhood 
of 30 mil l iseconds.  A s imulat ion run of 40 dec i s ion  i n t e r v a l s  would 
t ake  on t h e  order  of 1 . 2  seconds of computer t i m e .  However, of more 
importance i s  the  f a c t  t h a t  r e a l  t i m e  c o n t r o l  i s  approaching t h e  realm 
of f e a s i b i l i t y  w i th  t h i s  program execution time. 

I f  t h e  computations f o r  t h e  u n i t  s t e p  response block R r P  i n r l l l C 1 ~ ~  

t h e  program execut ion time would De increased by 5 t o  15 per  c e n t .  
Therefore ,  t h e  DDP-24 computation time p e r  dec i s ion  i n t e r v a l  would be 
no g r e a t e r  than 35 mil l iseconds.  The a d d i t i o n  of t he  judgement func t ions ,  
g (A m) and f (  A m ) ,  would most l i k e l y  inc rease  t h e  computer t i m e  by 
somewhere between 20 and 40 per cent.  Also,  i f  the program i s  expanded 
f o r  p l a n t s  of t e n t h  or  lower order t h e  execut ion time would be increased 
by approximately 150 t o  200 per cent.  

Several  methods could be employed t o  sho r t en  t h e  computer time 
p e r  i n t e r v a l .  

every i n t e r v a l  it could be computed only every "n" i n t e r v a l s .  Also,  
another  way would be t o  con t ro l  t o  lower than a c t u a l  o rde r ;  i . e .  i n s t ead  
of e s t ima t ing  t h e  funct ion and a l l  of i t s  d e r i v i t i v e s ,  e s t ima te  only the 
func t ion  and i t s  f i r s t  few de r iva t ives .  The most obvious way t o  decrease 
computer t i m e  would be t o  program i n  f ixed  po in t  . q r i t h m e t i c ,  in w h t c h  
case t h e  ccmputer t i m e  w=u?d be IZSS +\e- LI all r; ml??isezonda. Emever ,  t h i s  
does c r e a t e  s c a l i n g  problems i f  a l a rge  c l a s s  and/or number of p l a n t s  a r e  
t o  be c o n t r o l l e d .  

I n s t e a d  of c a l c u l a t i o n  of t he  u n i t  s t e p  response,  a ( o ) ]  , i 
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V. MASTER GLOSSARY 

The following master glossary tias been prepared con ta in ing  the nomenclature 

of t h i s  and a l l  p r i o r  progress  r epor t s .  

con ta in  p a r t i a l  g l o s s a r i e s ;  and a conscious attempt had been made towards 

s t a n d a r d i z a t i o n  of n o t a t i o n  throughout t h e  va r ious  s t u d i e s .  However, t he  

d i v e r s i t y  of authorship of the various s t u d i e s ,  t h e i r  extension i n  t i m e ,  

and a n  observed p r o l i f i c a t i o n  of symbols suggested a systematizat ion.  

The previous q u a r t e r l y  r e p o r t s  

I n  preparing the g los sa ry  very few redundant symbols w e r e  discovered. 

I n  t h e  few cases  where two symbols have i d e n t i c a l  meaning, t h e  i d e n t i t y  

equat ion has  been w r i t t e n  under each en t ry .  

A more common problem i s  the  use of a given symbol i n  r a d i c a l l y  d i f f e r e n t  

meanings. I n  such cases ,  t he  a l t e r n a t e  d e f i n i t i o n s  both appear under t h e  

e n t r y ,  t oge the r  with reference t o  those p o r t i o n s  of t he  progress  r e p o r t  

t o  which each app l i e s .  

The h i e ra rchy  of symbolism of t h i s  g los sa ry  i s  a s  follows: 

(1) English a lphabe t i c  symbols - Greek a lphabe t i c  symbols - 

( 2 )  Lower case  - Upper case 

Notat ional  conventions 

/n\ " - L _  - -  . . _ _ _ _ _ -  - - - -__  - - v  . I -~ 

( 4 )  General arguments - Specif ic  arguments 

An e n t r y  of t he  g los sa ry  con ta ins :  

(1) The symbol 

(2) 

(3) A def in ing  equat ion o r  equations (where app l i cab le )  

( 4 )  A r e fe rence  t o  the progress r e p o r t  o r  study, where the  symbol 

A ve rba l  d e s c r i p t i o n  or d e f i n i t i o n  

i s  f i r s t  def ined and used. 
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References t o  the  r e p o r t s  are given numerical des igna t ions  (l),  ( 2 ) ,  ( 3 ) ,  

( 4 ) ,  r e spec t ive ly  des igna t ing  t h e  four  q u a r t e r l y  progress  r e p o r t s  (Emerson 

Report Numbers 1544 - 1, 2, 3 ,  4 ) .  Addi t iona l ly  o r i g i n  i n  D i g i t a l  Simulat ion,  

Hybrid Simulation, o r  S t a b i l i t y  Studies,  i s  ind ica ted  by those phrases .  

This glossary  i s  bel ieved t o  be exhaustive,  with the  except ion  t h a t  a f e w  

symbols used i n  d i g i t a l  s imulat ion s t u d i e s  were d e l i b e r a t e l y  omit ted a s  

being p e c u l i a r  t o  the  computer programming. 



INFORMATION 

Numerator of p l a n t  t r a n s f e r  func t ion  eva lua ted  a t  
k ' t h  pole .  

Elements of a 

Estimate of i ' t h  component of un i t  s t e p  response 
v e c t o r  a(0) obta ined  by averaging over p a s t  va lues .  

Form of 

a i (o)  = 

averaging  f i n a l l y  used: 
N 

k- 2 

Also equ iva len t  form used i n  s imula t ion  
Fi (0) 

ai(o) = v 
Estiiiiated u n i t  s t e p  response vector one i n t e r v a l  
i n  p a s t  obtained by averaging  over p a s t  va lues .  
Has elements:  

Cumulative sum of i n t e g r a t e d  kerne ls  cha rac t e r i zed  
by having an  index (and con t ro l  a c t i o n  LI ) repea ted  
r times. k 

F 
M U  1 

a; ( t )  = - 

Constant va lue  of a ( k t )  f o r  time i n v a r i a n t  p l a n t s  

S e n s i t i v i t y  vec to r ,  r a t i o  of stdte vec to r  change 
t o  prev ious  c o n t r o l  fo rce .  

Estimated change in t h e  weighted response s t a t e  due 
t o  t h e  f o r c e  m ( k t )  

a (k) (kT) 

Eotimated va lue  of t h e  change i n  t h e  weighted 
response due t o  u n i t  c o n t r o l  force. Obtained by 
averaging pas: va lues  o f :  

a (0) = d [ z  (-ZT), ... a (-NT)] 

Exact u n i t  s t e p  response v e c t o r  a t  t = i T  
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REFERENCE 

D i g i t a l  S imula t ion  (1) 

(1) 

D i g i t a l  Sirnil lation (1) 

Hybrid S imula t ion  (3)  

( 4 )  

(1) 

S t a b i l i t y  Study ( 3 )  
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INFORMATION 

Estimated r a t i o  of change i n  forced response s t a t e  
t o  appl ied  fo rce  f o r  most recent  i n t e r v a l :  

SYMBOL 

a (-2T) 

REFERENCE 

- - 
a (-2T) = - x (-TI -x (-2T) - d(-ZTL - 

m (-2T) m (-2T) 

Weighted s t a t e  t r a n s i t i o n  matrix r e 1  a t  ing  f r ee '  
response a t  end of dec i s ion  i n t e r v a l ,  t o  s t a t e  a t  
s ta r t  of i n t e r v a l .  

q 1 . . , k j  ( t )  In t eg ra t ed  ke rne l s  of order  j of Vol te r ra  func t iona l  
polynomial f i t  

t < XT ( 0  

A <k> 
In t eg ra t ed  ke rne l s  of Voltema func t iona l  polynomial 
f i t .  

A &> = \rl (k - l ) r2 . . .  (k-R)R ( t )  denotes 

one of t h e  with k repeated r = rl t imes ,  

(k-1) r2  times,  e t c .  ( 4 )  

A <k, p+ Coef f i c i en t s  of Taylor expansion of i n t eg ra t ed  
ke rne l s  4, ( t )  

t <  kT f 0  

I 
1 
I 
I 
I 
I 
I 

I P  

( 4 )  
p=0 

e n  > p+ Coef f i c i en t s  i n  the  expansion of t he  Taylor co- 
A 

e f f i c i e n t s  A i n t o :  , p+ 

( 4 )  

i ' t h  s t a t e  component of in tegra ted  Vo l t e r r a  kernel 
eva lua ted  a t  t = (n+l) T 
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SYMBOL 

A - 
INFORMATION 

Taylor  series p r e d i c t i o n  mat r ix  

I 
I 
1 

i >  j lo 
1 '  i l  P + 1  

1 -  j ? ~  
P+l - N 

=. 

Exact s t a t e  - t r a n s i t i o n  mat r ix  

Matr ix  of i n t e g r a t e d  Vol te r ra  kerne ls  

Matr ix  of i n t e g r a t e d  k e r n e l s  evaluated a t  

a 

Transformation mat r ix  f o r  es t imate  of f r e e  
response a t  t h e  end of Dresent i n t e r v a l  

j - i /  uii =T ( j - i ) !  f o r  i 5 j 

For Taylor series p r e d i c t i o n  

AAij  = BBi j  f o r  e x a c t  p r e d i c t i o n  

REFERENCE 

( 4 )  

S t a b i l i t y  Study ( 3 )  

( 4 )  

S t a b i l i t y  Study ( 4 )  

D i g i t a l  Simulat ion (1) 

Der iva t ive  of denominator of p lan t  t r a n s f e r  f u n c t i o n  
wi th  r e s p e c t  t o  Laplace opera tor  evaluated a t  the  
k ' t h  pole  D i g i t a l  Simulat ion (1) 

Combinational v e c t o r  

un = b '  (unml) 5 (nT) 

j-1 i-1 

Represents  b e s t  a v a i l a b l e  es t imate  of b ( i ) .  
U 

Unit  s t e p  response Vector a s  defined by 

[hl a ( i )  = b (i) - - 
Computed f o r c e  v e c t o r  ex t rapola ted  one p r e d i c t i o n  
i n t e r v a l  i n t o  t h e  f u t u r e  - B = A [Mid 

Exact s t a t e - t r a n s i t i o n  mat r ix  as  def ined by 
-1 

S t a b i l i t y  Study ( 4 )  

S t a b i l i t y  Study ( 3 )  

S t a b i l i t y  Study ( 3 )  

Hybrid Simulat ion ( 3 )  

S t a b i l i t y  Study ( 3 )  
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C 

(-T) ] 

C f  (i) (0) 1 

INFORMATION 

Best a v a i l a b l e  e s t ima te  of 

Exact p l a n t  response mat r ix  f o r  l i n e a r  systems 

Response v a r i a b l e  a l s o  C ( t )  

Estimated va lue  of i ' t h  canponent of i n i t i a l  s t a t e  
response applied one d e c i s i o n  i n t e r v a l ,  T, e a r l i e r  

Estimated va lue  of i ' t h  s t a t e  component of i n i t i a l  
s t a t e  response eva lua ted  f o r  time one i n t e r v a l  from 
p resen t .  

Actual va lue  of i ' t h  s t a t e  va r i ab le  i n  response t o  
fo rce  appl ied  T e a r l i e r  

Actual va lue  of i ' t h  s t a t e  va r i ab le  i n  response t o  
i n i t i a l  cond i t ions  appl ied  one dec is ion  i n t e r v a l ,  
T, e a r l i e r  

Tota l  response over one i n t e r v a l  

Response s t a t e  vec to r  

E s t i m a t e d  p re sen t  s t a t e  of system 

ComDuted force  vec to r  a t  Dresent time 
_. - 

~~ ~ ~ 

ai (0) [K] 
m u  

L.EI 

Estimated f r e e  response s t a t e  a t  the next f u t u r e  
dec i s ion  i n t e r v a l  

Cf(i) (T) - i ' t h  component of Ef (T) 

Response s t a t e  vec to r  eva lua ted  a t  one i n t e r v a l  
i n  p a s t  

Estimate of f r e e  response vec to r  a t  end of p re sen t  
i n t e r v a l  

Desired va lue  of vec to r  a t  t - in+i)  T 
of dimension N 

Response v a r i a b l e  C(t)  s c ( t )  

Value of i ' t h  response s t a t e  va r i ab le  

REFERENCE 

S t a b i l i t y  Study (3) 

D i g i t a l  Simulation (1) 

(1) 

D i g i t a l  S imula t ion  (1) 

D i g i t a l  Simulation (1) 

D i g i t a l  Simulation (1) 

D i g i t a l  Simulation (1) 

D i g i t a l  Simulation (1) 

(1) 

Hybrid Simulation ( 3 )  

Hybrid Simulation (2 )  

Hybrid S imula t ion  (3) 

Hybrid Simulation (3) 
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REFERENCE -- INFORNATION SYMBOL 

cc 
j 

j ' t h  component of e x a c t  p l a n t  forced 
t o  u n i t  c o n t r o l  f o r c e  

response 

D i g i t a l  Simulat ion (1) 

Hybrid SimiJlation (2) 
C (i)(-T)] Response s t a t e  v e c t o r  eva lua ted  a t  one d e c i s i o n  

i n t e r v a l  i n  t h e  p a s t  

(0) Estimated change i n  weighted s t a t e  v e c t o r  due t o  
f r e e  response eva lua ted  a t  present  d e c i s i o n  i n t e r v a l  

- 
d (kT) Estimated change i n  response s t a t e - v e c t o r  over  one 

i n t e r v a l  due t o  t h e  i n i t i a l  s t a t e  x (kT) ( 2 )  

- D Combinational matrix 

S t a b i l i t y  r e q u i r e s  t h a t  t h e  eigenvalues of 
D < 1  S t a b i l i t y  Study ( 4 )  

Simpl i f ied  way of w r i t t i n g  r e s u l t a n t  m a t r i x  

S t a b i l i t y  Study (3) 

Transformation mat r ix  f o r  es t imate  of f r e e  response 
a t  end of next  i n t e r v a l  

r i  e 7 r  1 
lli 

L"Y - 1"ijJ L M i j J  

Index of expansion 
n 

e 

E r r o r  ( a c t u a l ,  measured, o r  computed) between t h e  
i ' t h  s t a t e  v a r i a b l e  of t h e  desired t r a j e c t o r y  and t h e  
i ' t h  s t a t e  v a r i a b l e  of t h e  ac tua l  t r a j e c t o r y  D i g i t a l  Simulat ion (1) 

Predic ted  e r r o r  between i ' t h  reference s t a t e  v a r i -  
a b l e  and i ' t h  i n i t i a l  s t a t e  vector ,  eva lua ted  f o r  
one d e c i s i o n  i n t e r v a l  i n  t h e  fu ture  

eli(T) = r p ( l ) ( T )  - Cf(i) (TI D i g i t a l  Simulat ion (1) 

- - -  
E r r o r  s t a t e  v e c t o r  e = r - c (1) E 

Predic ted  e r r o r  s t a t e  v e c t o r  a t  the next  i n t e r v a l  (1) 

Change of t h e  e r r o r  norm between t = nT and 
t = (n+l)T 



I !  
I 
I 
1 
1 
1 

SYMBOL IIFORMATION 

E (T) Weighted predic ted  e r r o r  s t a t e  vec tor  a t  next  
i n t e r v a l  
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REFERENCE 

E(T) = P (T) - ;(o) - 4(0) - a(o) m(0) (1) P 

[ E ]  = [B] - p] Matrix s i m p l i f i c a t i o n  used i n  equat ions  S t a b i l i t y  Study ( 3 )  

IIE (k+l)II Norm of e r r o r  s ta te  v e c t o r  evaluated a t  t = (k+l)T 
2 

IIi(k+l)ll = ;((k+l)T) . ;f((k+l)T) (2) 

f A des ign  f u n c t i o n  of  t h e  argument [ ma(0) - ma(-T)] 

t o  prevent  l a r g e  c o r r e c t i o n s  which might be caused 
by measured e r r o r s  i n  one i n t e r v a l  (1 1 

f i (c ,C, .  . .c(~) , . I ,  t )  The f u n c t i o n  c o e f f i c i e n t  of t h e  d e r i v a t i v e  

c ( ~ )  i n  t h e  p l a n t  d i f f e r e n t i a l  equat ion  (1) 

- F Exact a t a t e  t r a n s i t i o n  m a t r i x  for  s t a t i o n a r y  system 

- F = (nt , (n+l)T)  f o r  s t a t i o n a r y  system S t a b i l i t y  Study ( 4 )  

Exact s t a t e  t r a n s i t i o n  m a t r i x  between s t a t e s  def ined  
by t = nT and t = (n+l)T 

Cumulative v e c t o r  sum of absolute  v a l u e s  o f d c .  (0) 
f o r  previous d e c i s i o n  t i m e s  

- F(nT, (n+l)T) 
S L s b i l i t y  Study ( 4 )  

Fi (0) 

Design f u n c t i o n  of t h e  argument 

it i s  intended t o  emphasize 1 ma(0) - m(T)  
m (-T) - m f - 7 T )  

changes fol lowing a w e l l  behaved p a t t e r n  and de-  
emphasize e r r a t i c  changes. It i s  symmetric around 
t h e  argument va lue  1,where i t  i s  maximum. 

gi(coycl, . . . c ~ - ~ ,  m, t) The f u n c t i o n  d e f i n i n g  the s t a t e  v a r i a b l e  
c i  i n  t h e  d i f f e r e n t i a l  equat ion  set 

G 

Vector of Taylor  c o e f f i c i e n t s  i n  expansion 

D i g i t a l  Simulat ion ( i j  

P 

LaPlacian o p e r a t o r  form of  p l a n t  t r a n s f e r  f u n c t i o n  

G = e f o r  l i n e a r  systems 

Cumulative summation of absolu te  va lues  of c o n t r o l  
f o r c e  appl ied  a t  p a s t  d e c i s i o n  times 

G1(0) = I m(-2T) I 
Combination of o t h e r  mat r ices  a s  def ined by: 

g(i) = ~‘ ( i )  

+ Gl (-T) 

g ( i )  o r  [G(i)] 

5 (i) -K - 

D i g i t a l  Simulat ion (1) 

S t a b i l i t y  Study ( 3 )  



SYMBOL 

h 

INFORMATION 

Er ro r  s t a t e  weighting f a c t o r  

x = h i  WN c ( i ) ( t )  

Index i n  expansion 

i 

(-!IT) a> p s i  
h=n-k 

REFERENCE 

D i g i t a l  S imula t ion  (1) 

( 4 )  

h j ( t ,  y,, ... rj) Kernel of  o rde r  j of Vol te r ra  func t iona l  
polynomial f i t  ( 4 )  

H 

C H I  

I 

Weighting f a c t o r  a s  defined by: 

[h] = [ h j  bjk] 
Er ro r  s t a t e  weight ing  f a c t o r .  The t r ans fo rma t ion  
ma t r ix  w is  a d iagonal  ma t r ix  with e lements  

y.= W = Hi h 4 1 E(T) = w (T) 

Weighting func t ion  ma t r ix  

(1) P 1 i  

[H] = [ h 2 j  bjkJ = [ 1 hi.' 03 

* 2n 
'1-1 .. . 

Uni t  ma t r ix  
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S t a b i l i t y  Study ( 3 )  

In t eg ra t ed  squares  of r e s i d u a l s  i n  mean square 
de te rmina t ion  of c o e f f i c i e n t s  I f k i k j f  z 

A 1_ =-L and Y 

J 

Ck> 

<k-h7 

K1 

S t a b i l i t y  Study (3)  

te-Z) ] d t  ( 4 )  

( 1 )  Order of p l a n t  d i f f e r e n t i a l  equat ion  

Maximum orde r  of Vol te r r a  kerne l  h ( t ,  Y,, . . . 2,) ( 3 )  J 

Index set  

<k> = < k l ,  k2...k.> 
J and ki-h Z 0 

Index set  

< k-h> = < kl-h, k2-h,  . . . k .  =h) 
1 

of  un i t  s t e p  response 
v e c t o r  ai(O> 

Hybrid Simulation (2 )  
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INFORMATION SYMBOL 

R2 

REFERENCE 

Product of t h e  pred ic ted  weighted e r r o r  v e c t o r  by 
weighted e s t i m a t e  of u n i t  s t e p  response v e c t o r  

Hybrid Simulat ion (2 )  

Weighting mat r ix  

Ki j  = { (TYI)'~ i = j  

0 i & j  

P o s i t i v e  d e f i n i t e  (symmetric) matr ix  

Hybrid Simulat ion < 3 )  

S t a b i l i t y  Study ( 3 )  

D i g i t a l  Simulat ion (1) m Number of zeroes  i n  p l a n t  t r a n s f e r  f u n c t i o n  

m (0 )  Actual f o r c e  appl ied  over  t h e  next i n t e r v a l  

Control f o r c e  o r  manipulated v a r i a b l e  (1) 

( 4 )  
S t a t i o n a r y  uncorre la ted  noise  per turb ing  t h e  
measurement o r  computation of the c o n t r o l  f o r c e  "k I 

I 
I 

S a t u r a t i o n  f o r c e  va lue  of  t h e  c o n t r o l l e r  m 

m s U  

m(k) e m(kt) 

Control f o r c e  appl ied  over k ' t h  i n t e r v a l  

kT 5 t c (k+l)T 

D i g i t a l  Simulat ion (1) 

Hybrid Simulat ion ( 3 )  

Computed f o r c e  over  t h e  next  i n t e r v a l  modified by 
the  f and g f u n c t i o n s  

D i g i t a l  Simulat ion (1) 

(1) Modif ica t ion  of t h e  computed force 

M u l t i p l i c i t y  of occurance of term A tk, 

I 

i=l 
<k> 

( 4 )  r '  +- i o  

i=1 



'I 
1 

I 
~I 
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INFORMATION 

Manipulated v a r i a b l e  s t a t e  vector  

Manipulated v a r i a b l e  s t a t e  vector  eva lua ted  a t  
d e c i s i o n  i n t e r v a l  kT 

SYMBOL 

m 

m(kt) 

m (kT) = 6(i = 2)m (kT) 

Increment i n  app l i ed  f o r c e  A m  = m (0) - m (-T) D i g i t a l  Simulat ion (1) 

Combination ma t r ix  y i e l d i n g  change i n  e r r o r  norm 
a t  t = (n+l)T from s t a t e  vec to r s  a t  (nT) 

- F (a, (n+l) T) 

Number of samples s i n c e  beginning of run  

S t a t e  v e c t o r  of s t a t i o n a r y  uncorrelated no i se  
pe r tu rb ing  measurement of exac t  s t a t e  v e c t o r  x ( t )  

S t a b i l i t y  Study ( 4 )  

D i g i t a l  Simulat ion (1) 

( 4 )  

N 

p i  

Dimension of v e c t o r s  and 

Poles of p l a n t  t r a n s f e r  func t ion  

- _ .  .. . c - .  
L < . I  

% ( t ) ,  and x ( t )  

Index v a r i a b l e  des igna t ing  number of t imes a 
s p e c i f i c  index k is repeated i n  the  c o n t r o l  
sequence u ( t )  

(LI.) 

D i g i t a l  Simulat ion (1) 

( 4 )  

( 4 )  

r 

ri Index v a r i a b l e .  When t h e  indices  k, k-1, ... 0 
number of r e p e t i t i o n s  of index k a r e  u t i l i z e d ,  t h e  

a r e  designated by 
designated by r2; 

r = rl; those of index (k-1) a r e  
e t c .  ( 4 )  

r Reference ( input)  

r l  

s t a t e  v e c t o r  

value of input  o r  r e fe rence  Estimated p resen t  
s t a t e  v e c t o r  (1) 

(1) 

Hybrid Simulat ion (2) 

Estimated p red ic t ed  va lue  of the d e s i r e d  
one d e c i s i o n  i n t e r v a l  i n t o  t h e  f u t u r e  

Reference s t a t e  v e c t o r  evaluated a t  one d e c i s i o n  
i n t e r v a l  i n  t h e  p a s t  

s t a t e  



I 
I 
I 
I 
I 
1 
1 
I 
I 
I 
I 
1 
I 
I 
I 
1 
I 
I 
1 

SYMBOL 

R 

S 

t 

T 

i U 

"k 
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INFORMATION REFERENCE 

Maximum value  of number of r e p e t i t i o n s  of a s i n g l e  
con t ro l  v a r i a b l e  \ i n  Vo l t e r r a  s e r i e s  r e p r e s e n t a t i o n  
usua l ly  R = J ( 4 )  

Laplace v a r i a b l e  (1) (2) ( 3 )  ( 4 )  

Also index of expansion of A i n  <k> pC 

Ik) p+ = A C n - h >  p+ = 
A 

(-hT) A < n >  psi ( 4 )  

Maximum value  of index s i n  expansion 

A 

< n 7  psi (-.nr)s A <k> pf = A < n-h> pf = 

( 4 )  
2 

S = 1 f o r  most p l a n t s  s tud ied  

Time (1) ( 2 )  ( 3 )  ( 4 )  

When s h i f t i n g  time base i s  used; preceding  d e c i s i o n  
po in t  i s  t = -T, c u r r e n t  dec is ion  p o i n t  is t = 0 ,  
and next d e c i s i o n  po in t  i s  t = T 

Sampling i n t e r v a l  of da t a  inputted t o  c o n t r o l  
computer D i g i t a l  S imula t ion  (1) 

(1) 

Decision i n t e r v a l ,  This i s  a fixed i n t e r v a l  of 
t i m e  which quan t i zes  the  cont ro l  a c t i o n s .  The 
con t ro l  fo rce  i s  cons t an t  over any given dec i s ion  
i n t e r v a l .  (1) 

Control v a r i a b l e  time tunc t ion  

u ( t )  = \ k T b  t -= (k+l)T and l \ l  C; U ( 4 )  

Ti c ( i )  f o r  re ference  input = o ( 2 )  

Erro r  s t a t e  element 

u =  i 

Constant va lue  of con t ro l  va r i ab le  i n  i n t e r v a l  

kT s t (k+l)T; A l s o  constrained by: 

II+ 5 U Also i d e n t i f i e d  with p rev ious ly  de-  

f i ned  v a r i a b l e s  
A1 t e rna t e ly :  
Coef f i c i en t s  of expansion of quadra t ic  approxi- 
mation f o r  i d e a l  con t ro l  fo rce  v i n  powers of 

\ I m (kT) p m (k) 

2 
v = u  + U I Q  + u2(j + ... 
un = -1/a 

k-1 

'k = 7 'i 'k-i-1 f o r  k > O  

L 
i = O  

4, = 1 



SYMBOL 

ukr 

'i 

< k >  

vk 

v (iT) 

AV 

W n i  

wi 
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Constant va lue  of c o n t r o l  force  \ i t e r a t e d  

r times i n  a c o n t r o l  sequence u ( t )  

Ukr ii ( q r  ( 4 )  

Control v a r i a b l e  v e c t o r  i n  in t e rva l  k T Z  t (k+l)T 

% =  li; I,, ( 4 )  

Sa tu ra t ion  l i m i t  of con t ro l  force 

Normalized va lue  of i ' t h  response s t a t e  v a r i a b l e  

(2) 
i U .  = T Ci 

Repe t i t i ve  c o n t r o l  v a r i a b l e  product func t ion  

Coef f i c i en t s  of expansion of cubic approximation 
f o r  i d e a l  con t ro l  fo rce  u i n  powers of a 

2 
u = v  + V I A +  v2 + ... 
V cf . Uk ., 3 

( 4 )  

Liapunov func t ion  assumed i n  quadra t ic  form 

v ( iT)  = Z ( iT)  [K] 2 ( i t ) ]  

Free  response component of norm change E 
I 

n 

Weight f o r  i ' t h  s t a t e  v a r i a b l e  

w = Wi = T i h i  n i  - 
Diagonal elements of transformation mat r ix  W 
A l t e rna te  choices  inves t iga t ed  include 

wi = T % ~ /  i: 

T i h i  

T i n i  (J-i)!/J!  

Hi 

S t a b i l i t y  Study ( 3 )  

S t a b i l i t y  Study ( 4 )  

D i g i t a l  Simulation (1) 

(1) 



i 
I 
I 
1 
I 
I 
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W Diagonal t r ans fo rma t ion  ma t r ix  with elements 
w. = w .  ii I 

Elements of norm weight ing  t ransformat ion  mat r ix  

xi = WNi h c ‘ i ) ( t )  

A l t e rna te  choices  inves t iga t ed  include: 

WN. = T l/i  1 

= Ti ( J - i ) ! / J !  

E Ti 

Forced response component o f  norm change from 
t = nT t o  t = (n+l)T. I 

I 
I 
1 
I 

S t a b i l i t y  S tudy  ( 4 )  

( 4 )  
Tota l  con t ro l  system output  (assoc ia ted  wi th  
Vo l t e r r a  S e r i e s  d e s c r i p t i o n )  

Estimated weighted response i ’ t h  s t a t c  conp.r.ent 

xi@) = wni ei ( 0 )  D i g i t a l  Simu?ation (1) 

nutput  s t a t e  v e c t o r  

- x = x  ( i )  3 N x 1 

A 1  so 

Output s t a t e  v e c t o r  

5 (t) z 5 

Estimated i n i t i a l  weighted response s t a t e  vec to r  

x(k)  5 x(kT) 

Estimated weighted response s t a t e  v e c t o r  a t  
d e c i s i o n  t i m e  t = kT 

Weighted es t imated  f r e e  response s t a t e  v e c t o r  

S t a t e  v e c t o r  of forced  response only 

Change i n  forced  response s t a t e  over i n t e r v a l  
- 2 T  st 5 - T  

P a r t i a l  ou tput  s t a t e  vec tor  x (t) a 

(Ix(nT!ll Keighted norm of s t a t e  v e c t o r  5 (UT) 

‘i Value of weighted normalized i ’ t h  s t a t e  v a r i a b l e  

Parameter S tudies  (2 )  xi =(T%i ( J - i ) !  i J!) Ci 

( 4 )  Y ( t )  Free response i n  absence of any cont ro l  i npu t  



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

7 

SYMBOL 

Y P 

Y 

A 

D 

INFORMATION 

p ' t h  Taylor  c o e f f i c i e n t  i n  expansion of y ( t )  

Y(t)  = 

Free response s t a t e  v e c t o r  y = y (i)] N x 1 
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( 4 )  

Also f 1 (t) ( 4 )  

Free response s ta te  v e c t o r  y ( t )  y. ( 4 )  

re ference  s t a t e  v e c t o r  (1) 

i n t e r v a l  i n t o  the  f u t u r e  (1) 

Escimared p r e s e n t  va lue  of weignted input  o r  

Estimated weighted d e s i r e d  s t a t e  v e c t o r  one d e c i s i o n  

Zeroes of p l a n t  t r a n s f e r  funct ion D i g i t a l  Simuiarrion (1) 

Response s t a t e  v e c t o r  a t  dec is ion  i n t e r v a l  
t = i T  

C o e f f i c i e n t  of l i n e a r  term i n  second and t h i r d  order  
approximation of. r o o t s  of cont ro l  equat ion  f o r  u ( 4 )  

Second order  approximation 

1 + a v o +  6 v 0  2 = 0 

Third o r d e r  approximation 

. . - -. - -. . - - - r C .  . . .  
order  approximations of r o o t s  of c o n t r o l  equat ion  
f o r  un 

c f . a  6= a 

c f  .a A<& 
C o e f f i c i e n t  of cubic  term i n  th i rd  o r d e r  approximat 
of r o o t s  of c o n t r o l  equat ion  f o r  u 

Number of < n 7  sets which a r e  considered 
s i g n i f i c a n t  

Var iab le  upper l i m i t  of i n t e g r a t i o n  i n  Vol te r ra  
f u n c t i o n a l  series r e p r e s e n t a t i o n  

(ki+l) T for k , <  x 
K =  t, 

f o r  k = A  i 

(lamda) Weighting f a c t o r s  i n  mean square de te rmina t ion  o i  
c o e f f i c i e n t s  A and y 

Measured on computed va lue  of cont ro l  f o r c e  u 
contaminated by s t a t i o n a r y  uncorre la ted  noise  

Measured v a l u e  of t h e  s t a t e  vector  z(t) as con- 
taminated by s t a t i o n a r y ,  uncorrelated noise  11 ( t )  

<n> PS+ P 

J 

k as  V,(nu) 

"k 

[(t) (xi) 

I J 

[ ( t )  = x ( t )  + g ( t )  
~ -~ 

( 4 )  

ion  

( 4 )  

( 4 )  

( 4 )  

( 4 )  

( 4 )  

( 4 )  



I 
II 
1 
I 

' I 
I 
I 
I 

I 1 
I 

I '  

Vector :Lotation: v o r  1 des igna te s  a vec to r  wiiicli  m a y  be  i n  rov o r  
columnar form. 

v ' ,  1' des igna te s  the  tr:inspose of v UT 

v ( i ) J  e x p l i c i t l y  des igna te s  t l i c  co?umnar i c ' l l r i  

Emerson Report N o .  1544-:,  
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Di f f e rence  k t a  t i a  

'Time C o m t v t i o n s :  

c denotes  a continuous time variahle. For given 
contrcll a c t i o n ,  t h e  o r i g i n  C L  t is  nl' i l cc i s ion  ;ii- 

t e r v a l s  i n  thi. past. Thus t 1-1'1s d f l o a t j n g  o r i 3 i n .  
5 e  des igna t ions  t = AT denote  tile (n+l) t l ec i s iun  
i n t t r v a l s  i n  :he p a s t .  The ciri;u:w:its (t.) .!nd ( k T )  
a r e  based on t h i s  t i m c ;  convention. 

A d i f f e r e n t  time convention w i t h  f loatin: ,  u r i g i r L  C?C 

t i m e  of p re sen t  c o n t r o l  a c t i o n  i s  ,i s o  i istd, p a r t i c . u -  
l a r l y  i n  the  s imula t ion  s t u d i e s .  I n  t h i s  convention 
the  arguments ( - T )  ( , O ) ,  ( T ) ,  r e spec t ive ly  des ignz tc  
tinres: one d e c i s i o n  i n t e r v a l  111 the p a s t ,  t he  p r e s e n t  
d e c i s i o n  epoch, and one decisi.on i n t e r v a l  i n  L I ~ C  f u t u r e .  

i e x p l i c i t l y  des igna te s  t h e  vow € o n  
- _  

11; II norm of a vec to r  u s u . i ~ i v  ivil = v.v. (1) 
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